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Life tip:
when nothing goes right, go to sleep.
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Abstract

For quite some time, the strive for more efficient acoustic absorbers keeps
increasing, driven by a number of psycho-physiological studies on health related dangers of noise exposure. As the global wealth increases and with it
the global expectation of quieter living and working environments, manifested
in both politics and research, an important market for sound absorbing and
noise control systems develops in all industrialised countries. In the acoustic
community, the main endeavours of the two last decades have been oriented
towards a better understanding of the dissipation phenomena in absorbers
(and especially in poroelastic media) as well as proposing new topologies and
structures for these elements. These efforts have resulted in an abundant literature and numerous improvements of the characterisation, modelling and
design methodologies for a wide range of media and many different systems.
The chosen research direction for the present thesis slightly deviates from
this usual path of modelling absorbing materials as bulk media. Here the
aim is to investigate the interfaces between the different components of typical absorbers. Indeed, these interface regions are known to be difficult to
characterise and controlling their properties is challenging for a number of
reasons. Interfaces in sound packages for instance are inherently by-products
of the assembly process and, even if they surely have an important impact on
the acoustic performance, they remain mostly overlooked in the established
modelling practices. Therefore, the overall objective of the current doctoral
project is to identify strategies and methods to simulate the effect(s) of uncertainties on the interface physical or geometrical parameters.
The present licentiate thesis compiles three works which together form a
discussion about techniques and tools designed in an attempt to efficiently
model thin layers and small details in rather large systems. As part of the
work a section of physical model simplifications is discussed which will lay
the ground for the next stages of the research. Two publications on the first
topic are included, presenting Finite-Element-based hybrid methods that allow for coating elements in meta-poroelastic systems to be taken into account
and reduce the computational cost of modelling small geometric features embedded in large domains. The third included contribution is an anticipation,
to a certain extent, of the remainder of the doctoral project, discussing the
use of physical heuristics to simplify porous thin film models. Here a step
towards the modelling of interface zones is taken, departing from numerical
simulations and reflecting instead on the physical description and modelling
of thin poroelastic layers.

Keywords: thin layers, numerical methods, FEM, poroelastic materials
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Sammanfattning
Sedan en tid tillbaka kan en ökande efterfrågan av material och konstruktioner med effektivare akustiska absorptionsegenskaper skönjas. Detta drivs
av ett antal psykofysiologiska studier kring hälsorisker relaterade till långvarig bullerexponering. Till detta kommer den växande globala välfärden som
ger upphov till en förväntad höjning livskvalitet i form av till exempel tystare
boende- och arbetsmiljöer, manifesterad i både politiska beslut och forskning.
Ur detta utvecklas en viktig marknad för ljudabsorberande material, konstruktioner och bullerreducerande system i allt fler länder. Inom forskningen
som rör akustiska material och bulleråtgärder, har forskningen under de två
senaste decennierna framförallt varit inriktad på en bättre förståelse för dissipationsfenomen (omvandling av akustisk energi till andra energiformer, till
exempel värme) i absorberande material (och särskilt då i poroelastiska medier) samt att utveckla nya topologier och sammansatta strukturer för denna
typ av akustiska element. Dessa ansträngningar har resulterat i en omfattande vetenskaplig litteratur och framsteg inom karaktäriserings-, modelleringsoch designmetoder, och innovativa lösningar, för olika tillämpningar .
Forskningen i denna avhandling avviker något från den traditionella modelleringen av absorberande material, genom att undersöka gränsytorna mellan olika skikt och komponenter hos typiska absorbenter. Faktum är att dessa gränssnittsregioner är kända för att vara både svåra att karaktärisera och
att styra deras egenskaper i produktion är en utmaning av ett antal olika
skäl. Angränsande ytor i ljudabsorbenter är till exempel ofta biprodukter
från tillverknings- och monteringsprocessen och, även om de utan tvekan har
en viktig inverkan på akustiska prestanda, bortses det ofta från dessa i de
flesta etablerade simuleringsmodeller. Det övergripande målet med forskningen inom detta projektet är därför att identifiera strategier och metoder för
att modellera och simulera effekterna av osäkerheter i tillhörande fysiska eller
geometriska parametrar som används för att beskriva dessa gränsytor.
I denna licentiatavhandling sammanställs tre artiklar som tillsammans utgör en diskussion om tekniker och verktyg utformade för att effektivt modellera tunna skikt och små detaljer som delar i större komponenter och system.
Som en del av arbetet diskuteras dessutom en del av de fysikaliska modellförenklingar som kommer att ligga till grund för nästa etapp av forskningen.
I två publikationer som berör det första ämnet ingår finita element-baserade
hybridmetoder som möjliggör modellering av olika typer av täckskikt i så
kallade meta-poroelastiska system, med fokus på noggrannhet och beräkningskostnader för modellering av små geometriska inneslutningar inbäddade
i större domäner. Det tredje bidraget diskuterar användningen av heuristiska,
förenklade porösa tunnfilmsmodeller som baseras på fysikaliska förenklingar
och som möjliggör modellering av tunna skikt i numeriska simuleringar som
en del av sammansatta poroelastiska komponenter.

Keywords: tunna lager, numeriska metoder, FEM, poroelastiska medier
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Résumé

Depuis quelques temps, l’effort pour améliorer l’efficacité des absorbeurs
acoustique n’a cessé d’augmenter, sous-tendu par nombre d’études psychophysiques sur les dangers de l’exposition au bruit pour la santé. Alors que
croit la richesse globale et avec elle l’envie d’environnements de travail et de
vie plus silencieux (ce qui se manifeste dans les politiques publiques comme en
recherche), un marché important se développe pour les systèmes d’absorption
et de contrôle du bruit dans tous les pays industrialisés. Dans la communauté
acoustique, les principaux efforts au cours des vingt dernières années se sont
orientés vers une meilleure compréhension des phénomènes de dissipation dans
les absorbeurs (et en particulier dans les matériaux poroélastiques) ainsi que
vers la recherche de nouvelles topologies et structures pour ces éléments. Ces
efforts ont mené à une littérature abondante et de nombreuses améliorations
des méthodologies de caractérisation, modélisation et conception pour une
large gamme de média et de nombreux systèmes.
L’axe de recherche choisi pour la présente thèse diffère quelque peu du
chemin classique visant à modéliser le cœur des matériaux absorbants. Ici,
l’objectif est d’étudier les interfaces entre les différents composants des absorbeurs classiques. En effet, ces régions sont notoirement difficiles à caractériser
et contrôler leurs propriétés est un défi complexe pour un certain nombre de
raisons. Les interfaces au sein des isolants acoustiques sont intrinsèquement
des sous-produits du processus d’assemblage et, bien qu’ils aient un impact
important sur la performance acoustique, sont le plus souvent négligés dans
les modèles classiques. L’objectif global du projet doctoral est ainsi d’identifier des stratégies et méthodes pour simuler le ou les effets d’incertitudes sur
les paramètres physiques ou géométriques des interfaces.
La présente thèse de Licentiate compile trois travaux qui, pris ensemble,
forment une discussion autour de techniques et d’outils conçus pour modéliser efficacement des couches et détails fins inclus dans d’assez grand systèmes.
Une section de la dissertation s’attarde sur des possibles simplifications des
modèles physiques et discute ce qui formera la base des prochaines étapes
de cette recherche. Deux publications traitant du premier sujet sont inclues,
présentant deux méthodes hybrides basées sur la FEM qui permettent de
prendre en compte les fines couches recouvrant par exemple les systèmes
meta-poroélastiques pour un coup réduit ainsi que de modéliser de petits
éléments géométriques présents dans de grands domaines. La dernière contribution jointe à cette thèse anticipe, dans une certaine mesure, la suite du
projet doctoral en proposant l’utilisation d’heuristiques physiques pour simplifier un modèle pour les films acoustiques fins. Cela constitue un pas vers la
modélisation des zones d’interfaces en s’éloignant des simulations numériques
au profit d’une réflexion sur la description et la modélisation des couches
poroélastiques fines.

Keywords : couches fines, méthodes numériques, MEF, matériaux poroélastiques
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Preface
The work presented in this pages was funded by Le Mans Acoustique (Le Mans,
France) and carried out under an international co-tutelle agreement between the
KTH Royal Institute of Technology (Stockholm, Sweden) and Le Mans Université
(formerly Université du Maine, Le Mans, France). The supervision of the doctoral
project is performed by Pr. Olivier Dazel (LAUM, Le Mans Université) and Pr.
Peter Göransson (MWL, KTH Royal Institute of Technology).
The present thesis consists in two parts: an overview of the work performed
and a collection of the corresponding scientific publications. The different results
discussed hereinafter were also presented at conferences, leading to publications in
proceedings that are not included in the present document.
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Chapter 1

Introduction
Noise is a problem and its ability to generate stress and health-related troubles as
well as its impact on living conditions has been recognised for years1–6 . Interestingly
enough, studies on human subjects are corroborated by others on animal life (see [7]
for instance) and it became in the recent years such a prominent concern that
the noise/health relation even has a dedicated scientific journal a ). Regurlarly,
the World Health Organisation has been releasing reports and sets of guidelines
concerning noise exposure and the afferent annoyance8,9 . Year after year, these
reports and studies shaped both research projects and laws on environmental and
transport noise10,11 . The different approaches to mitigate noise received a lot of
attention lately and the subject interests many researchers around the world. This
thesis though, despite including elements of sound packages design, does not directly
discuss or address the question of noise absorption. This first paragraph is intended
to give the eager reader the main references (legal or scientific) to satisfy his curiosity
on this subject before turning to the actual topic of this thesis and the discussion
about noise ends with this sentence.
Since the beginning of the doctoral project, work and discussions were focused on
the smallest, least controlled elements of sound packages: the interfaces between the
different components. Better design of sound absorbers will eventually come with
a better understanding of the media involved but also with an improved knowledge
of the global topology once built. Indeed, interfaces are inherent by-products of the
assembly process and cannot be characterised or even properly described ex situ.
Their nature depends both on the bonding technique and the media asides which
implies rethinking the physical description for each technique and set of media.
Finally, the inevitable uncertainties on surface roughness and state of the bond
imply reasoning about interface-induced effects in terms of probabilities.
Most sound packages feature multiple layers of absorbing media arranged and
tuned towards objectives in terms of weight and efficiency. Of these layers, some
are thick and responsible for most of the absorption and others, thinner, serve aesa. Noise and Health, www.noiseandhealth.org
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Figure 1.1 – A noticeable difference exists when a film is present (in orange) or not
(in blue).

thetic or protective purposes12 while still having a strong impact. In Figure 1.1 for
instance, the absorption coefficient is increased by simply adding a film on the slab
of poroelastic material (PEM). Years passing, the global understanding of material
behaviour improves and it is now possible to analyse precisely many of the phenomena at play inside each layer. In the scope of acoustics, propagation of waves in a
wide range of media used in absorbers has been studied and accurate models have
have been published for simple and complex systems13 . Moreover, an important
effort has been made to improve accuracy and repeatability of characterisation for
most parameters and material classes14–19 . The outcomes of this endeavour are
twofold: the community designing sound packages now know the bounds within
which their techniques and designs are accurate, and it can start working on better
models to describe the behaviour of sound packages, including the bonding layers. Closing a certain number of pores, these layers have a strong impact on the
performance of the finished package and it is thus essential to include them in the
simulations during the design process.
Another topology of absorbers emerged in the recent years which consists in
periodically embedding inclusions in a poroelastic matrix. These structured materials (sometimes referred to as meta-poroelastic materials) lately received attention
from a growing community20–26 . These systems are engineered to overcome the
quarter-wavelength limitation which induces that most absorbers are the most efficient for wavelengths four times as large as the thickness of the absorber. These
new designs can be tuned to behave as so-called sub-wavelength absorbers with
the potential ability to absorb low frequencies but also over a rather wide range
of frequencies and angles. The global design paradigm of such absorbers is based
on pattern repetition and a carefully tuned unit cell. These new solutions are not
free from the use of films as they need protection as well; it is then still required to
account for the coatings in the simulations and to characterise them.

1.1. FILMS AND INTERFACES
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Films and interfaces

All systems discussed above share two aspects in particular, they comprise:
— elements small with respect to the dimensions of the system (coatings, inclusions, etc.);
— interface zones between their components.
Small scale details and interface zones lead to the same effects: an uncertain
characterisation process and a dramatic increase in terms of computational power
in order to be correctly accounted for.
The first of these effects has been studied for years and although teams are
working to improve characterisation techniques for small elements15,19 , it remains
a challenging topic. Indeed, the small size of the elements at play combines with
several rather extreme or at least unusual ranges for the value of their parameters
which leads to inaccurate characterisation. It tends to be a challenging task to
properly characterise these elements given that accessing them is often a destructive
process. To illustrate, consider the bonding of a thin coating on a PEM slab. It
is difficult to tell with certainty if there is an actual bond all over the considered
surface, moreover, the junction may wear out with time. There hardly exists any
way to predict the type of bond at a given time even though it may have a strong
effect on the acoustic behaviour.
The second effect depends both on the type of system and the method chosen to
compute the acoustic response. Two main kinds of methods are used to simulate the
response of acoustic systems in the industry: mesh-based approaches such as the
Finite Element Method (FEM) and its variants & transfer matrix-based methods
(TMM). Thin features and interface zones are challenging for both these types
of techniques for different reasons. On the one hand, TMM and related tools
are limited to very simple, mostly plane, geometries13,27,28 with some works on
extending their scope to slightly more complex panels (see29,30 for instance). These
methods are able to account for inclusions in the layer only through homogenisation
which does not allow to account for all effects. On the other hand, discretised cost
of the mesh-based approaches increases dramatically when the mesh has to adapt
to geometrical details which puts large systems with chiselled geometry mostly out
of reach. Of the attempts to find a general framework dealing with both large and
detailed systems none have given convincing enough results and when it comes to
systems where a small zone (e.g. and embedded foil) must be particularly refined
the cost still goes up dramatically.
This second effect actually renders the simulation of the behaviour of thin features even harder. Indeed, the models being rather inefficient in these cases, the
classical tools to assess the effects of uncertainties such as Monte Carlo methods
become impractical.

4
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Research contributions

The work performed over the past two years mainly contributed to numerical
methods and computational physics. Two of the appended publications describe
new computational methods to model systems where small elements embedded in
large domains tend to drive the mesh refinement up. Paper B presents a technique
to account for complex inclusions in a periodic medium without having to mesh
any component but the core of the unit cell potentially including a rather complex
inclusion. In this work, the external fluid and the thin coatings are removed from
the meshed model and accounted for using a transfer matrix approach. Paper C
describes a strategy to couple two mesh-based methods with different advantages.
The FEM is combined with the Discontinuous Galerkin Method with Plane Waves31
(PWDGM) to benefit both from the geometric adaptability of the former and the
efficiency at large scales of the latter. The proposed solution is a hybrid method
that can be used to efficiently protect small scale elements using FEM in large
domain modelled with PWDGM.
Paper A slightly differs as it investigates a simplified model for thin acoustic
screens. This work allows to reduce the number of parameters and identify the most
important physical phenomena taking place within the screens. It can be seen as a
generalisation of the model of screens as pressure jumps proposed by Pierce32 .

1.3

Thesis organisation

This thesis is organised in two parts presenting first a summary of the work performed over the past few years followed by a set of three peer-reviewed publications
describing more in detail the methods discussed in the first part.
It starts with a few pages of introduction on the Finite Element Method (FEM)
and the Transfer Matrix Method (TMM) that are used throughout the thesis. Follows a condensed presentation of the poroelastic modelling literature and a discussion on a simplified model for porous screens supported by paper A. Then comes
two chapters on innovative hybrid methods allowing to efficiently account for thin
features and details. This part introduces papers B and C, the key points, main
steps and most important results. The last chapter concludes the summary providing insights about the upcoming tasks. The appended publications are specially
re-typeset for inclusion in this thesis in order to propose a consistent reading experience. The content obviously remains unchanged compared to the version submitted
to the journals although the figures are re-exported to fit better with the overall
aspect of this document (colours are unchanged and so are line styles). Paper B
being already published, the editor’s version is added as appendix A for reference.

1.4. NOTATION AND TIME CONVENTIONS

1.4
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Notation and time conventions

Notations differing between the appended papers, it was chosen to keep the
mathematical developments in the papers unchanged but to propose a unified version in the introductory section. The following rules are observed throughout the
first part:
— The complex variable is denoted by j through the entire thesis and the
papers;
— Matrices are denoted by bold capital letters: A, BF EM , C 2 ;
— Vectors are denoted by bold lower case letters: n, xF EM , b2 ;
∂
) are condensed (e.g. ∂x ).
— When space is scarce, partial derivatives (e.g. ∂x
Also, in all this document (including the appended papers), a positive time
convention (ejωt ) is adopted.

Part I
Work summary

Chapter 2

A brief introduction to Finite-Element
and Transfer Matrix Methods
Almost this entire thesis is about methods to compute the acoustic response of
systems. This first chapter is thought as a rough introduction to two methods used
throughout the document and central to the doctoral work: the Finite-Element
Method (FEM) and the Transfer Matrix Method (TMM). The reader new to either
of these tools should receive in the following pages enough information to understand the approach of each method towards wave propagation modelling and read
through the remainder of the document. The more experienced reader is advised
to read the following sections as well since they contain important information underlying the choice of notations and presentation of the formalism of the methods.
These sections are a condensed overview that doesn’t go into details. The reader
shall to refer back to the literature for a more detailed discussion.

2.1

Boundary operators for FEM

This section provides a quick introduction to concepts and equations accounting for boundaries in FEM while a more thorough discussion about the complete
method is available in the literature (see for instance [33]).
The way FEM solves a problem consists in re-expressing its governing equation(s) under a weak form. Setting the problem on a 2D domain Ω circled with a
boundary δΩ assumed sufficiently regular, the general weak form writes:
Z

Z
a(f , δf ) dΩ +

Ω

Z
L(δf ) dΩ +

Ω

b(δx f , δy f )δf dΓ = 0,

∀δf ∈ V 0 ,

(2.1)

δΩ

where V is a Hilbert space in which the primary variables f live and δf are the
so-called test fields which belong to the dual of V. The integrands represent respectively, the reaction of the medium (with the bilinear function a that depends
9
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on fields and their spatial derivatives), the inner volume forces function L and the
interface relations b (also referred to as the secondary variables in the following).
The FEM has been adapted to different types of media and an abundant literature is devoted to the advances in the field. Within the scope of this licentiate, the
discussion will only alter the interface operators (i.e. the last term of (2.1)) and the
secondary variables. Within this thesis, only two classes of media are considered:
fluids and PEMs.
Many references discuss about the former (see [33] for instance) and generally
use the pressure p as primary variable while the secondary chosen as the displacement or the velocity. Here, the following expression is used:
Z
Z
∇p · n
dΓ,
(2.2)
b(∂x f , ∂y f ) dΓ = δp
jωρ
where ρ denotes the medium density and ∇p · n the normal derivative of p.
On the other hand, the chosen PEM model represents a medium with both a
solid phase and a fluid one, dynamically coupled (the latter is sometimes called
interstitial). Several works in the literature proposed weak forms suited for these
media34–36 , all using at least two primary variables (compared to the single variable
in the fluid case). The present thesis uses the so-called {us , p} mixed formulation
introduced in 199834 , with the solid displacement us and interstitial pressure p as
primary variables. The corresponding boundary operator then writes:
Z
Z
Z
s
t
b(∂x f , ∂y f ) dΓ = δu · [σ · n] dΓ + δp[w · n] dΓ,
(2.3)
where δus and δp are the solid displacement and pressure test fields, σ t is the total
stress tensor, w is the relative (fluid/solid) displacement field and n the outward
normal to the considered interface.
Concerning the complete FEM, one must keep in mind that it is actually a
resolution scheme for the said weak-forms. More specifically, FEM is a numerical
method meant to be implemented and to this end, the continuous weak-form (2.1)
needs to be rewritten in a discrete form. This process is discussed thoroughly in [33]
amongst others and the remainder of this section just give enough information
for the reader to grasp the general concept. The discretisation process starts by
spreading, over the whole computational domain, a set of points (so-called nodes)
at which the solution will eventually be computed. A partition of the domain is
then introduced by connecting these dots and forming the so-called elements (nonoverlapping sub-domains). This net of inter-connected dots forms the mesh and
its generation must obey a few rules that are omitted here for conciseness (in a
nutshell, they concern the sizes and shapes of elements as well as the density of the
mesh37 ). Between the dots (or more precisely), along the edges of the mesh, the
fields are approximated using a set of so-called shape functions (often polynomials)
that, combined, are supposed to give and approximation close enough to the target
field. On the implementation side, the following steps happen:

2.2. TMM IN A FLASH
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— split the integrals of (2.1) into a sum of integrals over the elements;
— replace the continuous fields by approximating them and their derivatives
using the shape functions;
— rewrite the sum of integrals as a linear system by evaluating terms for each
element and using the value of fields at the nodes as unknowns;
The final equation of the FEM method is then a simple and rather sparse linear
system that is left to solve:
Af = b,

(2.4)

where A comes from the first part of (2.1) and b from the surface integral, f being
the unknown nodal values of the fields.

2.2

TMM in a flash

The Transfer Matrix Method is essential to both papers A and B and the present
section introduces its formalism. The typical problem to be solved with the TMM
is composed of several layers of different thicknesses and media such as the one
presented on Figure 2.1.
x

M1′ M1 M2′

M2

d1

d2

θ
0

′
MN
MN

…

dN −1

dN

z

Figure 2.1 – Multiple layers of different media are stacked along the z axis. The
objective is to compute the acoustic response of the overall system.
The usual TMM approach works on a layer per layer basis and is based upon
rewriting the whole propagation problem under a matrix form. For each layer, the
fields are gathered in a so-called state vector s(M ), M being a point along the
thickness direction. Note that each layer i has a point Mi0 on the left side and Mi
on the right one. The objective is then to relate the value of s on both sides of the
multi-layer by transferring the value of sN (MN ) through the system. To this end,
two kinds of matrix operators are needed:
0
— one to cross the inter-layer boundaries and pass from Mi+1
to Mi ;
0
— one to transfer the fields from Mi to Mi inside each layer.
The literature has examples of how to derive these matrices (see for instance [13,
14, 27, 38, 39]). In the present thesis, the discussion is focused on the second kind of
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operator (that acts inside a given layer). The interface operator is out of the scope
of this thesis and is not directly referenced by any of the papers. Its evaluation,
even if it mainly consists in rewriting the boundary conditions, may present some
challenges when the numbers of fields on both sides do not correspond. The reader
is advised to refer back to chapter 11 of [13] for a more thorough discussion.
In this thesis, the derivation of the matrix that transfers the state vector between
the two sides of a given layer is performed using of the so-called Stroh formalism.
Namely, it consists in rewriting the equations governing the propagation through
the layer as a 1st order differential equation along the z direction:
∂s(z)
= αs(z),
(2.5)
∂z
where α is the co-called state matrix abstracting all the physics and complexity of
wave propagation. Note that, as its derivation can be found in the literature38,40,41 ,
this matrix is never directly derived in this document. In the scope of this thesis,
only the state matrix for an isotropic poroelastic layer is to be used (in paper A)
and it can be found in appendix A.1 of [28] or in equation (3.3). Other media have
also been described and the reader is advised to refer back to the remainder of [28]
for isotropic media or [39] for anisotropic poroelastic material.
Solving equation (2.5) between z = 0 and z = d leads to the following type of
solution based on a matrix exponential:
s(0) = exp(−dα)s(d) = T (d)s(d).

(2.6)

where T (d) is the transfer matrix for a layer of thickness d.
To compute the response for the entire system, the state vectors of the different
layers are stacked and the matrices (for the layers and interfaces) are arranged
to form a global linear system. As said, special attention must be paid to the
dimension of the interface matrices that are generally not symmetric and often not
square depending on the length of the state vectors they link. These aspects, as
well as the discussion on how to account for the backing condition and extract
indicators, are beyond the scope of this introduction and omitted. The reader may
find more information in [13].
As a concluding remark to this section, it is important to understand that the
usual TMM has some intrinsic drawbacks related to instabilities of the matrix exponentials. Some have proposed fixes for this issue and amongst them is the Recursive
Method28,42 that uses an iterative procedure to transfer a so-called information vector and re-derive the state vector from it. A reference implementation has recently
been published online a . All “TMM” results presented in the following are actually
generated using this alternative approach. Results from paper A also have been
implemented into this piece of software by directly inserting the simplified transfer
matrix.
a. PyMLS, https://github.com/cpplanes/pymls, documentation in progress

Chapter 3

Modelling acoustic screens
This chapter reflects on the modelling of acoustic screens and more generally on
poroelastic materials. As discussed in the introduction, foams, fibrous media and
films are the main components of modern absorbers and their modelling usually
relies on the Biot’s theory and its extensions.
As the previous chapter, the present one is not intended to be exhaustive but
gives some background information on the modelling of poroelastic media and the
equations upon which paper A relies. Again, the reader is advised to refer back
to the literature for a more thorough discussion, starting with the widely adopted
book Propagation of sound in porous media by Allard & Atalla13 .

3.1

Modelling poroelastic media: Biot model and alternates

Developed initially for seismic media, the Biot model was introduced in the
1950’s by M.A. Biot43,44 . The first version already included a model for the elastic frame deformation and some viscous effects in the pores. A refined including
anisotropic media and some relaxation effects was published few years later.45 This
theory is meant to model open-porosity biphasic media comprising:
— a solid skeleton;
— an all-connected fluid phase.
This model is semi-phenomenological ans is designed for a limited (albeit diverse) class of materials. At the time this theory was introduced, other models for
sound absorbing materials existed. Apart from Lord Rayleigh’s interest towards
propagation in tubes and porous media at the end of the XIXth century, Zwikker
and Kosten published a book named Sound Absorbing Materials 46 as early as 1949.
This pioneering work describes the propagation of waves through media with cylindrical pores, including part of the viscous and thermal interactions between the
solid and fluid phases. Since the 1980s, an important research effort has been devoted to the improvement of the acoustic description of porous media having a
13
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very stiff frame. Over the years, several models emerged accounting for evermore
complex geometries of pores47–53 and additional effects they tend to trigger.
In the present thesis, the {us , ut } formulation of the Biot’s equations is used40 .
This formulation expresses the propagation through the fluid and solid phases
through the description of the solid displacement us and the so-called total displacement ut (a porosity-based average of the displacements of the fluid and solid
phases). The equations for this alternative formulation write:
σ̂ij,j = −ω 2 ρ̃s usi − ω 2 ρ̃eq γ̃uti ,
s

−p,i = −ω 2 ρ̃eq γ̃usi − ω 2 ρ̃eq uti ,

σ̂ij = Â∇ · u δij + 2N εij ,

t

p = −K̃eq ∇ · u .

(3.1)
(3.2)

These equations use the Einstein convention for summation over repeated indices
and the different parameters are:
— the interstitial pressure p;
— the in-vacuo stress and strain tensors σ̂ and ;
— the dynamic and solid phase densities ρ̃eq and ρ̃s ;
— the dynamic compressibility K̃eq ;
— the two Lamé coefficients Â and N ;
— a fluid/solid coupling term γ̃.

3.2

Challenge of films

As discussed in the introduction, films and screens are challenging. Generally
porous, with a thin elastic frame, they trigger important effects in terms of acoustic response that may be difficult to control and model. Indeed, due to their small
thickness (generally in the 0.1 to 1mm range, mostly under 0.5mm), these elements
are easily stretched and pre-stressed during the bonding process with backing system and may be difficult to characterise.
In the recent years, some teams worked to improve the understanding of these
components, their modelling12 and their characterisation15,19 . The strategies to
account for films are numerous, ranging from simple equivalent fluid models with
motionless frame to models for perforated plates including viscous losses and the
so-called vena contracta effect54 all the way up to complete biphasic Biot-based
models43,55 . While the simplest models tend to overlook some of the resonant
effects, the latter are meant to account for complex couplings between the solid and
fluid phases and to some extent one may wonder if accounting for such phenomena
in thin films is relevant (or even if they actually occur).
Paper A is about simplifying the model for the special case of acoustic screens
and porous films; the benefits are twofold:
— reduce the amount of parameters and equations needed;
— better understand which part of the physics dominates.
The first of these advantages fits especially well with the need for smaller, simpler models if one wants to account efficiently for the randomness of the physical
parameters in the future.
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The two upcoming sections present the development of a simplified model for
acoustic screens and its validation. This work is also presented in length in paper A.
While some may argue that such a model is not essential since the computation
of the complete Biot’s model with TMM is not extremely costly, it is deemed
interesting to provide a model keeping only the most important contributions while
excluding a few equations and terms. Finally, the model described in this chapter
can be used in conjunction with the method presented in section 4.1 and paper B
to account for coatings on meta-poroelastic laminates.
The problem considered is composed of a single layer of poroelastic material
of thickness d  1. According to section 2.2, one way to model the propagation
through the layer is to use the TMM, the transfer matrix expression being given
by equation (2.6): T (d) = exp(−dα). As the thickness is considered known, only
the α remains to determine and it can be taken from the literature (see appendix
A.1 of [28]):


0


 0


0
− dα = −d 

jkx

 0
1
N

0

0

Â
jkx P̂

jkx γ̃

0

0

1
P̂

0

0
−ρs ω 2
ρ̃eq γ̃ω 2
jkx

0
−ρ̃eq γ̃ω 2
ρ̃eq ω 2
0

0
0
0
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− K̃1 +
eq
0
0
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2
kx
ρ̃eq ω 2

2

− Â

−P̂ 2 2
kx −
P̂
Â
jkx P̂

−jkx γ̃
0
0
0

ρ̃ω 2






.





(3.3)
This matrix is central to the proposed approach and the simplifications performed are described in the following section.

3.3

Simplifying the transfer matrix

The core simplification of paper A relies both on the facts that the considered
thickness of the coating is small (d  1) and that the solution of (2.5) is a transfer
matrix written as a matrix exponential which can easily be expanded. Indeed,
considering (2.5) and d  1 yields:
T (d) = exp(−dα)

d1

−−−→

T (d) = I − dα + O(d2 ).

(3.4)

It is very important that the reader understand what a change of paradigm
this expansion induces. Indeed, the whole physical description of the propagation
through the layer gets hereby replaced by a simple jump in value for each of the
considered fields between the two faces proportional to the thickness d. A pressure
jump approach had already been suggested by Pierce (see section 3-8 of [32]) and
the present work extends this approach to all the fields in the layers while providing
a mathematical justification for this approximation.
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The value jumps (i.e. alteration) for all fields then depend only on d and the
state matrix α presented in (3.3) which the remainder of paper A intends to simplify. In this last part, a few hypotheses are presented along with their underlying
justifications that help removing the most negligible terms from α. Note that the
approximations are just listed here and the reader is advised refer back to the paper
for details. The proposed simplifications rely on the following assumptions:
— Neglect change of shape of the solid phase (us (0) ≈ us (d)) as justified by a
evaluation of the order of magnitude of the different terms. This clears lines
2 and 6 of T but the diagonal terms;
— Decouple shear and compression stresses to remove T14 and T41 ;
— Ignore the influence of interstitial pressure on in-vacuo stresses and suppress
T15 ;
— Neglect the coupling of tangential solid displacement & total normal displacement to cancel T36 .
Moreover, it is proposed to neglect the tortuosity effects in the film. Indeed,
these coatings are very thin and tortuosity has an effect that builds up with the
propagation through the material. Neglecting tortuosity effects is performed by
setting α̃∞ ≈ 1 as if all the pores were perfectly circular and none slanted. This
simplification decreases by one the number of needed parameters and allows writing
more condensed versions of the equivalent density and compressibility:
ρ̃eq ≈

σ
ρ0
+
,
φ
jω

K̃eq ≈

P0
.
φ

Note that the σ/jω is similar to what was introduced by Pierce32 and that it will
only be preponderant at low frequencies. Higher in the spectrum, the second terms
eventually takes over and acts as a corrective factor to account for inertial effects.
The resulting transfer matrix for the so-called screen model to be compared
to (3.3) reads:

0
0



0
− dα = −d 0
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0
0
0
−ρ̃eq γ̃ω 2
ρ̃eq ω 2
0

0
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(3.5)

3.4

Testing the simplifications

Given how many simplifications are introduced, some discrepancies are expected. Firstly, at grazing incidence, the path travelled by the wave through the
layer is much longer and it tends to break the d  1 hypothesis. Secondly, it
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underlies this chapter (and is stated clearly in the paper) that the simplifications
require that kd  1 with k each of the wavenumbers at play, which implies that at
high frequencies some discrepancies may appear. Finally, since a large part of the
coupled effects were left out, the resonances of the complete system (where such
coupled phenomena have a strong impact) may trigger errors when the simplified
model is used.
a)

x

x

b)

θ

θ
z

z

Figure 3.1 – Configurations used to test the model, the screen (darker shade) is a)
laid on a rigid backing; or b) added to a PEM on a rigid backing.
For testing purposes, the model is implemented and used to simulate the configurations shown on Figure 3.1) for a woven and a non-woven film. The error metric
used is:
ε = |αscreen − αbiot |,

(3.6)

Incidence Angle θ

Incidence Angle θ

with αscreen and αbiot the absorption coefficients computed using the proposed
screen model or full Biot-JCA (Johnson-Champoux-Allard) one respectively. The
tests are performed for incidence angles ranging from 0° to 89° and frequency in
the [10, 4000] Hz interval. The results are shown in Figure 3.2.
75

×10−2

a.

7.189
5.392

75

50

3.595

50

25

1.797

25

0

75

500

1000

1500

2000

2500

3000

3500

×10−3

c.

4.569
3.427

75

50

2.285

50

25

1.142

25

0

500

1000

1500

2000
2500
Frequency (Hz)

3000

3500

4000

0

3.853
2.890
1.927
0.963

0

4000

×10−3

b.

500

1000

1500

2000

2500

3000

3500

4000
×10−2

d.

2.062
1.546
1.031
0.515

500

1000

1500

2000
2500
Frequency (Hz)

3000

3500

4000

Figure 3.2 – Evolution of the relative error in the (f, θ) plane. Two films are used,
the first column (a. & c.) uses a non woven film, the second (b. & d.) a woven
one. Similarly, two backing conditions are tested, the one of Figure 3.1.a for the
first line(a. & b.) and of Figure 3.1.b for the second (c. & d.).
In Figure 3.2, it is clearly seen that the proposed simplifications lead to results
close to those of the complete model. Moreover, while the different expected discrepancies are observed but no other is observed. In all figures, it is observed that
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near grazing incidence, the error increases. This effect corresponds to a limit of the
thin layer assumption as explained at the beginning of the section. On the second
line of Figure 3.2, for a configuration featuring a backing PEM and resonances, it
is observed (as expected) that the error rises whenever a resonance exists. Some
errors build up when the frequency increases which can be explained by the suppression of most tortuosity effects and the modification of the dynamic density and
compressibility.
Despite these discrepancies, the error remains low over the considered parameters space and the proposed model seems promising for future applications.

Chapter 4

Modelling thin layers:
Bloch waves, FEM and TMM coupling
As explained in the introduction, thin and permeable coatings are very common
components of sound packages. Their modelling can be challenging as discussed
in the next section and there is a need for more efficient ways to include them in
numerical models. In the present chapter, a methodology for this task is presented
and its application to meta-poroelastic laminates is demonstrated.

4.1

On meshing thin layers

The most widely used sound package design
is similar to the one presented in Figure 4.1.
coatings
This type of panel usually comprises a rather
thick core and topped with a set of thin coatcore
ings and both these components have multiple
effects.
∞
∞
The latters mostly have an impact at low
frequencies, increasing absorption and triggering a resonant behaviour. They are used for Figure 4.1 – A generic model for
aesthetic and protective reasons. By changing acoustic absorbers. There can be
the boundary condition at the surface of the ab- multiple coatings.
sorber, they influence the type of coupling occurring between the different physical fields hence acting in favour of specific types
of propagation phenomena.
The former, i.e. the core, is responsible for the main absorption effect and it has
been described extensively over the last years. Nowadays, many teams work on improving and tuning the core behaviour. Both the properties of the bulk (most of the
time a poroelastic material, PEM) and the potential inclusions received attention.
This second possibility consists in periodically embedding diffracters in the matrix,
19
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thus creating meta-poroelastic materials with specific, tunable properties. Such a
tuning is of great interest for many applications and can be achieved by changing
the period, geometry or properties of the inclusions. As these new materials appear
to be a promising solution to noise disturbances, they received considerable attention and a large set of inclusions designs have been proposed. In Figure 4.2 some
of these inclusions geometries, taken from the literature, are presented to stress the
fact that their design may be complex and that this trait tends to increase with
time.

…

…

…

…

Shells: Weisser et al., JASA 2016

Boutin, JASA 2013

Cylinders: Groby et al., JASA 2009

Groby et al., JASA 2015

…

…

Lagarrigue et al., JASA 2013

Figure 4.2 – Different kinds of inclusions from the literature (not exhaustive). Details are to be found in [20, 22, 24, 56, 57].
Different techniques to model such materials have been proposed over the years,
all coming with their advantages and drawbacks. In this work, the results from the
proposed method were compared to those from the Multiple Scattering Theory.
This other approach was originally introduced by Záwiška to get semi-analytical
solutions for the diffraction of electromagnetic waves58 by an array of diffracters (cylinders at that time). It was later transferred to the acoustic domain by
Twersky59 and has since been used for several cases20,22,56,60,61 . The main drawback to this approach is that it requires complex calculations and thus is limited
to rather simple geometries for the inclusions. Another potential limitation is that
the resolution implies evaluating slowly converging series which can be a challenge
in itself.
A different strategy, widely adopted by both industrials and academics, consists
in using FEM and periodic boundary conditions to model an infinite repetition of a
given unit cell. This approach was used, for example, to simulate the behaviour of
resonators in a PEM matrix20,21,57 , the main advantage being that it can seamlessly
adapt to most geometries of inclusion and core. On the other hand, an important
issue arises from the meshing of the coating layers that tend to be rather costly.
Indeed, FEM requires a mesh to be generated over the whole computation domain
and to limit loss of accuracy it is wise to avoid distorting the elements. Given that
several elements in the film thickness are required to account for all physical phenomena at play, the coatings have to be very finely meshed. To prevent distortion,
the mesh generators will gradually decrease the size of the elements before and
after the coatings (see Figure 4.3) which in turn increases the size of the system to
solve. Two zones are observed on both sides of the coating where the gradual mesh
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refinement adaptation occurs.
The method discussed in this section aims at alleviating the problem of meshing
thin layers embedded laid on the surface of rather large domains. It was designed
mainly to be used for the simulation of periodic arrays of unit cells and to resolve
the Bloch scattered field. The method will be presented on the generic problem
depicted on Figure 4.4. In this particular case, the system is a unit cell of width
D, excited by a unit plane wave travelling at a given angle θ of a thin film laid on
the surface of the cell. The other side is either backed by a rigid surface or bears
another film before a semi-infinite fluid medium. The goal is to determine the
amplitude coefficients Ri and Ti of the reflected and transmitted when the system
in impinged by a plane wave.
The method is extensively described in paper B and the discussion proposed
hereinafter only recalls the main steps and their impact. In the current section,
only the reflection case is discussed and section 2.4 of paper B describes how to
extend the approach to transmission problems.
The key idea of the method is to transfer unknown reflection and transmission
coefficients through the coatings and add them (and the corresponding equations)
to the FEM linear system.

4.2

Modification of the FE linear system

In the current section the key aspects of the coupling of TMM and FEM to
resolve Bloch fields scattered by meta-poroelastic laminates are discussed. The
ultimate goal is to obtain the linear system presented in equation (27) of paper B:


A
C0

C
A0

   
 
f
b
b
=
, + 00 ,
q
0
b

(4.1)

Figure 4.3 – An example of domain with an inserted thin element meshed to get
three layers of elements in the thickness of the thin layer. This constraint drives
the number of elements up on each sides.
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where A, b and f are respectively the assembled global matrix from FEM, forcing
vector and solution vector. The alteration of the original pure FEM system comes
from the inclusion of additional unknowns q, the coupling matrices C and C 0 as
well as the combination matrix A0 and additional forcing vectors b0 and b0 . This
equation (4.1) is derived with a few steps:
— identify the additional unknowns to be gathered in q in the incident medium;
— write the interface conditions between the fields in the incident medium and
the first coating layer;
— propagate the unknowns through the coatings and until the interface with
the FE domain;
— determine how these unknowns impact the linear system and derive C;
— balance the system with matrices A0 and C 0 .
Conceptually, the first step is the easiest. When considering the problem depicted in Figure 4.4, it appears clearly that the added unknowns will come from
the Bloch scattered field in the incident medium. Near the surface of the coating,
the fields are expressed as an infinite sum of Bloch reflections with wavenumbers
depending on the periodicity. Indeed, according to the Bloch-Floquet theorem,
with a unit cell of width D and given a incident wavenumber ki = {kxi , kzi }, the
wavenumber kl of the l-th Bloch reflection writes:
r 
ω 2  l 2
2πl
l
l
i
− kx .
(4.2)
, kz =
kx = kx +
D
c
Each Bloch mode has an amplitude coefficient Rl which the propose method
intends to compute.
T−1

T0

T1

d′

D

D

d

R−1

R0

R1

R−1

R0

R1

Figure 4.4 – The types of problem considered: a poroelastic core with possible
inclusion and a coating laid either on a rigid backing or with another coating in a
transmission setup.
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Writing the interface conditions between the incident medium and the first
layer of the coating may be less trivial than it seems. In the case of a fluid incident
medium and an elastic first layer, which is the case proposed in paper B, the
interface conditions are:
— continuity between normal acoustic and elastic displacements;
— continuity as well between pressure and normal stresses;
— nullity of tangential stresses.
but nothing can be deduced on the tangential displacement field. This situation
actually happens for other pairs of media too but is hopefully easily solved.
The idea is then to write the unconstrained fields as a Bloch expansion as well.
Given that Bloch modes form a complete orthogonal basis, it is possible to project
these fields on the modes without loss of generality. The amplitude coefficients in
this new basis are the unknowns to be considered. This is done for the tangential
displacement in the coating around equation (6) of paper B. Note that the same
manipulation has to be done each time an unconstrained field is introduced in a
layer of the coating.
More generally, all the fields near the first interface in the coating will be expanded the same way so to match the modes of equal order through the interface.
The two sets of additional unknowns (from the incident medium and unconstrained fields) will form, in time, the q vector in (4.1). Before being added to the
linear system though, they must be transferred from the incident interface to the
interface shared with FEM using the TMM.
TMM is an inherently harmonic approach and one needs to refer to the superposition principle to independently transfer the components of the Bloch expansions
before recombining into the complete field on the other side. The underlying hypothesis is that the physical phenomena in the coating are all linear, which allows
to use this so-called modal transfer matrix approach. Computing the transfer matrices can be performed analytically and, even if it requires evaluating a separate
transfer matrix for each mode, this is not a costly process.
The state vector s− at the first interface can formally be written with an incident
and reflected part in a matrix form such as:
X
i
l
s− =
E − δ0l ejkx x + Il− ql ejkx x ,
(4.3)
l∈Z

An example of expressions for the media-specific matrices E − and Il− can be found
in equation (12) of paper B.
Following the proposed modal transfer matrix approach, the state vector on the
other side is written similarly as a sum over the Bloch modes:
 X
X 
i
l
i
l
s+ =
Tl E − δ0l ejkx x + Il− ql ejkx x =
E + δ0l ejkx x + Il+ ql ejkx x ,
(4.4)
l∈Z

l∈Z

where Tl is the transfer matrix for the mode l as proposed in [62] and the derivation
of E + and Il+ can be found in the equations (11) to (16) of paper B.
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The two lasts steps of the proposed approach consist in extending the FEM
linear system itself. This part is discussed in section 2.3 of paper B, the main
step being to include half the vector s+ in the FEM boundary operator. For a
poroelastic core and an elastic coating, this step uses the stresses from s+ and
includes them in the operator presented in (2.3):
Z
Z
s
t
I=
δu · [σ · n] dΓ +
δp[w · n] dΓ.
(4.5)
Γ+

Γ+

The continuity conditions through the last interface allow to match the components of s+ with fields from the FEM and to transfer finally the additional
unknowns to the FE system.
Some fields from the state vector s+ can be substituted into (4.5) right away
using the continuity conditions through the last interface of the coating. This increases the number of unknowns in the FE solution vector and the added unknowns
are tied to the original ones by a new matrix C.
The deficit of equations induced by adding unknowns to the system is compensated using the components of s+ that were not used in the first substitution (the
displacements for an elastic/PEM interface). In order to add enough equations to
balance the linear system, the second part of the state vector is successively projected on the different Bloch modes. Thanks to the orthogonality properties of the
complex exponential, the sum is expanded into as many vector equations as it has
terms and these can be added right away to the linear system. One can read the
details of the derivation in equations (17) to (22) of paper B.
Note that, in order to include all these equations in the FEM domain, it is
required to truncate the infinite Bloch expansion. This truncation leads to a loss of
precision and a rule of thumb taken from the literature is recalled in equation (24)
of paper B to serve as a criterion. This final step completes the procedure and leads
to the system presented in (4.1).
The whole method has been implemented in a FE code available online a that
was used to generate the following validation and application cases.

0.2mm

20mm

D

Figure 4.5 – The test geometry
used for the comparison between a
pure FEM, a TMM and the hybrid
method. For this configuration the
TMM solution is deemed exact.

a. PLANES, https://github.com/OlivierDAZEL/PLANES
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Validation

Developed mainly to resolve fields in meta-poroelastic systems, the technique
has mainly been tested on such cases. In addition, sanity checks are performed and
presented in paper B to assess that no artefact is generated.

A

Comparison with a full FEM approach

This first example provides evidence that the proposed approach is more effective than a pure FEM model with an identical refinement of the mesh in the core.
The test setup is depicted on Figure 4.5 and comprises a PEM slab laid on a rigid
backing with a film on the free surface. The result displayed in Figure 4.6 shows
three curves. With markers, the TMM reference can be considered exact, the two
other graphs are the pure FEM model and the proposed hybrid model. These two
approaches only differ in the way they account for the coating: meshed in the first
case, modelled with transfer matrices in the second.
The mesh was refined simultaneously for both the proposed method and FEM
up to the point that one of them gives results in agreement with the ones from the
TMM. It is observed that while equivalent at low frequencies (i.e. for large wavelengths), the models strongly differ at higher frequencies. The proposed method fits
with the TMM up to 5kHz (a slight shift towards high frequencies is observed but
could easily be corrected by refining the mesh) while the pure FEM completely fails
above 1 kHz. This is explained by the under-refinement of the FE mesh: the coarse
mesh in the core combines with an under-refined coating to cripple the computed
response. Increasing the number of elements in the coating would have helped but
also would have driven up the number of elements in the core to prevent mesh
distortion and led to a less efficient resolution.

B

Acoustic metamaterials and multiple scattering

Intended to find the coefficients of a Bloch field scattered by a periodic arrangement of 2D cells, this method was ultimately designed for meta-poroelastic systems
such as those shown on Figure 4.2. Section 3.2 of paper B is dedicated to comparing results from the proposed method with the state-of-the-art multiple scattering
theory56,59,60 (which leads to a semi-analytical solution).
The two configurations of interest are depicted on Figure 4.7 and are both
adapted from [22, 61]. Configuration 4.7.a) features a set of air-filled rubber shells
while configuration 4.7.b) consists of a periodic array of plain elastic cylinders.
Both configurations are embedded in a poroelastic matrix coated with a thin rubber
layer (which was not the case in the original papers). Results are computed both
in normal and oblique incidence and can be observed in Figure 4.8.
One note that the results from both methods agree almost perfectly on all the
considered frequency range. Some discrepancies can be observed around resonances
but investigations to link them with either of the methods were not conclusive. On
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Figure 4.6 – Comparison between the proposed approach (solid lines) and a pure
FEM approach (dashed lines). A TMM model is used as a reference model (markers).
one hand, augmenting the number of considered Bloch modes used by the proposed
approach did not give better results; on the other hand, the Multiple scattering
theory makes use of slowly converging series and an early truncation could be the
source of the discrepancy.

4.4

Going further: other media

This method is promising and paves the way for efficient computation of responses of systems with arrays of complex diffractors embedded in complex matrices
with thin coatings. For testing purposes, only elastic coatings were implemented
and it is known that most coatings are slightly porous12,13 . An extension of the
implementation to porous and poroelastic coatings is discussed in order to complete the reference implementation but will not be published except on the code
repository.

4.4. GOING FURTHER: OTHER MEDIA
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Figure 4.7 – Configurations to be compared to results from the Multiple Scattering
Theory. a) Air-filled rubber shell, b) Elastic cylinder
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Figure 4.8 – Results computed with the Multiple Scattering Theory (markers) and
the proposed approach (lines) for different incidence angles. The graphs correspond
to the configurations in Figure 4.7.

Chapter 5

Protecting small details:
FEM and PWDGM hybrid method
In this second work, presented in paper C the coupling of two numerical methods
with different strategies is discussed. The specificities of the two methods make the
resulting hybrid scheme suited for modelling thin details in large domains. As in
the previous section, only the most important steps will be included in the section
while the complete derivation is available in the paper.
The discussion starts by considering a domain split in two subdomains by a
so-called coupling interface Γ as shown in Figure 5.1. The paper and method are
centred on rewriting the interface terms in the most natural way possible from the
point of view of both methods. As FEM as already been introduced in section 2.1,
only the Discontinuous Galerkin Method with Plane Waves (PWDGM) is succinctly
presented.
Γ
Vi

∂Ω\Γ

Ω
Ωe

Figure 5.1 – A computation domain divided by a coupling interface Γ into two subdomains modelled by different methods. Meshes from both sides are not necessarily
conforming across Γ.
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A PWDGM primer

The PWDGM is a numerical scheme that
proposes
a piecewise continuous solution to the
y
problem. The scheme used here was proposed
by Gabard31 and approximates the fields in each
part of the mesh by a basis of plane waves regularly distributed over the unit disc (see Figδθ
ure 5.2) with control parameters being the numx
ber of waves per element Nw and a tilt angle δθ.
A thorough description of what is the
PWDGM and how to derive the formulation is
discussed in [31] and alternatively in section 2.2
Figure 5.2 – An example of basis of paper C. The method starts by rewriting the
used in PWDGM with Nw = 8 governing equations of the time harmonic probwaves and the tilt angle δθ.
lem as a first order matrix partial differential
equation (PDE):
jωsAx

∂s
∂s
+ Ay
= b,
∂x
∂y

(5.1)

where Ax,y are matrices, b is a forcing vector, ω the angular frequency and s the
so-called state vector. For a fluid, this vector writes for example:
n
oT
s = vx , v y , p .
Two elements are particularly important, the first one being that a careful choice
of the space of test functions (namely the solution space of the adjoint problem:
plane waves) allows rewriting the weak form (equation (6) of paper C) as a sum of
surface integrals on the boundaries of the elements and cancels the volume ones.
A second important point of the PWDGM procedure and particularly relevant
for the coupling with FEM is the way inter-element coupling is enforced. For each
interface, a flux matrix Fe is computed (introduced in equation (8) of paper C).
Directly linked to the equations to solve, this matrix is used in the rest of the paper
to re-express the state vector s. Indeed, the eigenvectors of the flux matrix span the
space of characteristics of the local PDE. Then, diagonalising the matrix F = P ΛQ
allows obtaining the matrix of eigenvectors P and using it to project the state
vector s on the characteristics. The characteristics here are vectors propagating
towards (or from, depending on the sign of the associated eigenvalue) the considered
interface. Note that the diagonalisation of F being performed analytically which
reduces the potential added cost.
The inter-elements coupling is then enforced by projecting the state vector on
the characteristics and setting the outgoing component at each interface from the
incoming one. It appears important to keep this paradigm when coupling the
method with FEM.

5.2. COUPLING STRATEGY

5.2

31

Coupling strategy

In order to come up with a natural coupling, the derivation starts by giving a
general matrix form for interface conditions between the variables of the FEM (f
and b(∂x f , ∂y f ), see section 2.1) and the PWDGM state vector s. Formally, it leads
to equation (16) of paper C:

C1

b(∂x f , ∂y f )
f


= C2 s.

(5.2)

The rest of the procedure consists in expressing b and the outgoing part of s as
a combination of the FEM fields f and the incoming part of the PWDGM state
vector. This process obviously uses the decomposition of s on the characteristics
to extract the outgoing component and is presented in equations (19) to (22) of
paper C.
The integrals governing the shared interface are then rewritten by inserting
the expression of b(∂x f , ∂y f ) and the modified state vector s (see equation (25)
of paper C) in the global weak form. This leads to a linear system of the form
presented in equation (26) of paper C:

AF + CF
CD/F

CF/D
AD + CD

   
bF
f̃
=
,
bD
s̃

(5.3)

where f̃ and s̃ are the vectors of unknowns after discretisation, AF and AD the
unmodified assembled matrices from the FEM and PWDGM in their domains, and
all C are mostly sparse coupling matrices from the proposed hybridisation.

5.3

Validation

Validation of the FEM/PWDGM coupling is oriented towards two main points:
— validate the convergence properties of the hybrid method;
— check how the properties of each individual method transfer to the hybrid.
The present section is focused on these checks whereas another less academic example can be found in section 4.3 of paper C. The results section of paper C also
discusses more thoroughly the different validation experiments.

A

Convergence properties

The convergence properties of FEM are well-known and have been studied for
decades33 . This first test aims at testing that, provided the PWDGM is refined
enough, the hybrid method behaves similarly to FEM.
To this end, consider a rather narrow tube closed on one end by a rigid boundary
and on the other by a piston oscillating at a given frequency with a unit velocity.
The inner cavity is split in half, one domain being mapped to FEM and the other
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to PWDGM. Note that none of the tests performed indicates that the order of the
methods could be important.
This first test consists in gradually increasing the number of elements in the
FEM domain for four different number of waves in the PWDGM bases and three
different δθ angles (of which only the first one is aligned with the tube). This way,
ability of FEM to bring the error down when refined is challenged, as well as the
behaviour of PWDGM when changing the tilt angle. One can infer that the error
will go up when the wave basis is sparse (low number of waves) and misaligned
with the main axis of the tube. The results are presented in Figure 5.4.
The convergence rate is measured from the slope of the curves presented in
Figure 5.4 which must be as close as possible to the slope of the reference (pure
FEM) dashed curve. It is observed that, as soon as the waves are correctly aligned
and/or the number of waves in the basis is sufficiently large, the convergence of
the method is similar to the one of pure FEM. It seems as well that, when the
number of waves is not large enough, some kind of plateau effect is observed. This
is explained by the fact that when the waves are not able to represent the field of
interest, they trigger an error which is dominating the one introduced by FEM no
matter how refined it is.
More tests were performed on this setup and the results are reported in section
4.2 of paper C.

B

Dispersion properties

PWDGM is known to have some privileged directions31 due to the repartition
of the waves in the basis. To assess the existence of such a property in the hybrid
method and characterise its dispersion properties, it is proposed to use the set-up
displayed in Figure 5.5. A square domain is divided in two sub-domains along the
x axis and a plane wave impinges the domain at a given angle θi ∈ [0, 2π]. The
resulting field is compared to the analytic result and plotted with respect to θi for
different numbers of waves. Note that there is no need to alter the tilt angle in this
experiment since the field to model is already rotating around the test domain.
Part of the results are shown in Figure 5.6 whereas the full analysis is to be
read in section 4.1 of paper C. In the figure, it is seen that, when the number of
waves is low, the error rises and dips along with the field aligning with one of the
wave of the basis, which corresponds to the usual PWDGM behaviour. For higher
number of waves, one may conjecture that the error introduced by the PWDGM in
v=0

v=1
1

2

1m

Figure 5.3 – The test
domain used to asses
0.1m the convergence properties of the method.
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Figure 5.4 – Convergence curves when refining the FEM mesh for different number
of waves in the basis and different tilt angles δθ (less and less aligned)
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Figure 5.5 – Setup used for the
dispersion analysis. The excitation is applied on all external
boundary simultaneously.

θi

its sub-domain diminishes and at some point, the FEM-generated error takes over
and dominates the overall error at all angles.
In the light of these results it appears that the error of the hybrid method
is at best the one of the least precise method. This means that, although not
creating artefacts, the coupling does not alleviate the intrinsic issues of the methods.
However, the refinement rules and strategies existing for both methods stay valid
and one may rely on previous knowledge and experience for both of the methods.
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A possible strategy to use the hybrid is to model the entire domain with
PWDGM, taking advantage of its ability to work over large elements, and protect
only the small features having complex geometry with FEM patches. This strategy
allows protecting thin details while keeping an efficient computational technique for
the rest of the domain.

4 waves
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10 waves

100
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10−5
10−6
10−7

0

π/2

π
Incidence angle

3π/2

2π

Figure 5.6 – Error plot for the dispersion analysis case with different number of
waves at f = 1000 Hz. The FE mesh refinement is chosen for the method to
converge. The pure PWDGM reference is plotted in dashed lines.

Chapter 6

Continuation
Along this kappa were presented the preliminary works for a doctoral project of
a much broader scope, hence the term "Continuation" instead of the usual "Conclusion". This presentation remains very general at all times on purpose, leaving
the detailed discussion to the actual papers. This last chapter intends to give more
context to the work performed and particularly to introduce two sets of future development: one directly extending the papers and one towards the main goal set
for the PhD.

6.1

Research never ends

The approaches proposed in this thesis have various advantages over previously
existing techniques within certain hypotheses. At a certain level though, they could
all be improved or studied further to gain either in generality or usability.
Paper A helps understand which are the most important effects from the Biot
theory to be considered when accounting for a film. The developments in the
paper allow getting a simpler transfer matrix and question the use of the dynamic
tortuosity as a parameter for acoustic screens. However, its scope remains rather
narrow because of the hypotheses it is built upon and the lack of discussions of the
up- and downstream effects. The interface zone between films and the surrounding
media are of the most complicated in the realm of sound absorbers. Discussions with
other researchers and industrials stressed the fact that films are often themselves
coated (in paint or dust for instance) and that it strongly modifies the dynamics
of propagation. Modelling such effects can either be seen as part of the PhD or an
interesting side-project, but will require anyway an important set of experimental
data to go further. Proposing new bonding techniques to maintain the acoustic
behaviour of such elements in situ seems to be also an useful task to pursue as the
current ones strongly impact the porosity and flow resistivity parameters.
Paper B started as a neat technique to account for Bloch scattering in a FEM
code and ended as a way to account for an arbitrary number of thin layers coating
35
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a rather large and intricate FEM domain. It could be said that coupling with FEM
ensures a kind of generality through the wide adoption of this technique but some
more is to be found for this paper by extending the approach to other methods.
Using the PWDGM as a resolution method for the core would allow modelling larger
domains at reasonable cost and may be change scope to aim at bigger systems, for
instance seismic metamaterials63,64 . On a more technical level, such an extension
would also alleviate the need of projecting exponentials on polynomials as it is done
today.
Paper C finally was developed and tested only for fluid/fluid coupling though
the proposed formulation does not assume anything on the media in the different
domains. An extension of the reference implement and the associated test suite to
account for coupling between different media is needed. This work, even if mainly
technical, would greatly improve the generality of the method and help it make its
way towards a finished state.

6.2

Towards a PhD and beyond

The complete subject of the doctoral project reads Modelling of thin and imperfect interfaces and the work presented in this licentiate thesis can be seen as
preliminary with respect to the entire research plan. This section give some insights on possible tracks for the next years, keeping in mind that all can change
depending on the advances made.
The target for the upcoming months is to come up with strategies to account
for uncertainties on the interface zones (be it geometrical or physical uncertainties).
Discussing the properties of the model presented in paper A when subject to random
variation of its parameters is for instance the first on the task list. During the end
of 2017–2018 winter, a one-month visit to the University of Eastern Finland (UEF,
Kuopio, Finland) sparked discussions about extracting noise models and identifying
uncertainties in signals. These topics compose as well a set of preliminary studies
towards better detection and identification of the effects of uncertainties on the
performance of sound packages.
The physical description of the interface zones is of great interest to eventually
reach the proposed target. Paper A can once again be seen as a way to familiarise
with mathematical formulations governing thin porous layer. The simulation of the
behaviour of such interfaces is, as for any thin layer, a challenge in itself especially
since uncertainties must be accounted for. The formulation proposed in paper B
partially alleviates the problem, proposing an efficient way of decoupling, in the
implemented formulation, thin layers (coatings in this case) from the rest of the
domain. A possible follow-up work would be to introduce uncertainties in these layers. Another possible approach would be to extend a method (yet to be published)
used and succinctly presented in [65] that allows to embed a set of layers modelled
by TMM in a FEM formulation. Many paths can be considered from there on
concerning this task and the choice of which to follow has yet to be discussed.

6.2. TOWARDS A PHD AND BEYOND
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While off the topic of this doctoral project, some other aspects are worth discussing and could form the basis of future investigations. One of these aspects, if
not the most prominent, is the characterisation of the interface zones. Any method
to compute acoustic indicators needs input data of which the parameters of interfaces are the least known and amongst the hardest to measure. Hence, there
actually is an entire subject let aside this PhD that combines challenging in-situ
measurements and innovative parameters extraction techniques. Another aspect
open to investigation is the potential tuning of bonding techniques to be able to
target properties for interfaces (certain types of coupling conditions for instance).
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Abstract

A generalization of the commonly used pressure jump modelling of thin
porous layers, is proposed. The starting point is a transfer matrix model of
the layer derived using matrix exponentials. First order expansions of the
propagating terms lead to linear relations and the resulting matrix is further
simplified based on physical assumptions. As a consequence the equivalent
fluid parameters used in the model may be reduced to simpler expressions
and the transfer matrix rendered sparser. The proposed model is validated
for different backing conditions, from normal to grazing incidence and for a
wide range of thin films. In the paper the physical hypotheses are discussed,
together with the origin of the fields jumps.

1

Introduction

Thin porous layers, sometimes referred to as screens, films, veils, etc., are commonly applied as protection, both for aesthetic reasons as well as for prevention
of wear and tear. Properly designed they may also contribute to the performance
of sound packages in various applications. For example, when used in combination with e.g. metamaterials1–3 or stacked layers of poroelastic materials (foam,
fibre panels, . . . )4,5 , their properties can be tailored to optimise the overall system
performance, at low weight and without increasing the overall thickness of the installation. They may also be used to improve the absorption at low frequencies
and despite their small thickness, usually ranging from 0.1 to 1 mm, these coatings
commonly have a noticeable impact and cannot be ignored when simulating the
behaviour of the absorbers6,7 .
The present work focuses on the numerical modelling of thin permeable films
applied as coatings on multilayer poroelastic panels. Depending on which effects
need to be accounted for in the simulations, different approaches may be adopted.
A minimal one would be the pressure jump model proposed by Pierce8 or a slightly
more refined rigid-frame model7 . This would however lead to a rather crude prediction of the response, missing most of the resonances in the system but would
also have the advantage of requiring only a few parameters to be characterised in
order to simulate the acoustic behaviour. A more accurate approach, particularly
for woven screens could be based on models for perforated panels accounting for the
vena contracta effect and changes of dynamic tortuosity5 . Finally, an even more
accurate description would consider bi-phase models such as Biot’s with the refinements proposed by Johnson, Champoux and Allard (JCA) for viscous dissipative
effects9–11 or one of the rewritten sets of equations for poroelastic materials12,13 .
Note that in Ref. [13] a flexible poroelastic model is presented that may be adapted
to any existing equivalent fluid model for the dynamic density and compressibility
ρ̃eq and K̃eq , hence allowing for changes in the modelling of dissipation. Even if the
thickness is rather small compared to the dimension of the homogenisation volume,
the Biot theory has been successfully applied to model screens.7,14
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The present work aims at proposing a simplified model for acoustic screens
accounting for the resonant effects while reducing the number of physical parameters
needed in the modelling. It is intended as an alternative to the more elaborate
modelling approaches used in current Transfer Matrix models. The principles used
to derive a transfer matrix for a poroelastic layer (section 2) are first presented,
followed by an introduction of a number of simplifications in section 3. In these, the
propagative terms are linearised and a dimensional analysis is applied to neglect the
terms of least importance. The approach is validated using numerical simulations
where the results using the proposed model are compared to those obtained from a
full Biot-JCA simulation, for several films (section 4). An extensive testing of the
proposed model was performed however most of these tests are omitted from the
paper for conciseness and only two representative films are presented in the results
of section 4: one woven and one non-woven. Note that throughout this paper, a
positive time convention (ejωt ) is used.

2

Transfer matrix as an exponential

To describe the acoustic propagation in a poroelastic layer, a Biot model9,15 is
used but without taking into account membrane effects that could be significant in
films under tension. In the present case, the model uses the two motion equations
corresponding to the strain-decoupled formulation12 :
σ̂ij,j = −ω 2 ρ̃s usi − ω 2 ρ̃eq γ̃uti ,

−p,i = −ω 2 ρ̃eq γ̃usi − ω 2 ρ̃eq uti ,

(1)

and the associated two constitutive laws:
σ̂ij = Âusi,i δij + 2N εij ,

p = −K̃eq uti,i ,

(2)

where us and ut are respectively the homogenised solid and total displacements,
p the interstitial pressure, σ̂ and ε the in-vacuo stress and strain tensors and δij is
the Kronecker symbol. The other symbols are physical parameters of the medium
that represent densities (ρ̃eq,s ), compressibility (K̃eq ), Lamé coefficients (Â and N )
and solid/fluid coupling (γ̃).
The model is developed assuming a layer of infinite extent in the (x, y) plane
and of thickness d excited by a plane wave travelling towards the positive values
along the z axis. All the fields have the same dependence e−jkx x and the wave
vector, due to the assumed isotropy, is oriented such that ky = 0. The strategy
to derive the transfer matrix is then based on the so-called Stroh formalism4,16,17 .
This approach leads to a set of first order differential equations in the state vector
s(z):
∂s(z)
= αs(z),
∂z
with s(z) = {σ̂xz (z),

(3)
usz (z),

utz (z),

σ̂zz (z), p(z),

T
usx (z)}

.
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Note that the physical fields absent from the state vector (such as utx and σ̂xx ) can
be deduced from linear combinations of the ones present.
As the medium is homogeneous, solving (3) for a layer of thickness d leads to
the expression of the transfer matrix T (d) for the state vector s written as a matrix
exponential:
s(0) = T (d)s(d),

T (d) = exp (−dα) .

(4)

The derivation of the state matrix α is central to the present work. However,
it has been addressed multiple times in the literature (see Ref. [16] for this specific
case or Refs. [17, 18] for a more general discussion) and thus will be omitted for
conciseness. The matrix used in the present work is identical to the one proposed
in the appendix A.1 of Ref. [16] (with P̂ = Â + 2N ):


0


 0


0
α=

jkx

 0
1
N

3

0

0

Â
jkx P̂

jkx γ̃

0

0

1
P̂

0

0
−ρs ω 2
ρ̃eq γ̃ω 2
jkx

0
−ρ̃eq γ̃ω 2
ρ̃eq ω 2
0

0
0
0
0

− K̃1 +
eq
0
0
0

2
kx
ρ̃eq ω 2

− Â

2

−P̂ 2 2
kx −
P̂
Â
jkx P̂

−jkx γ̃
0
0
0

ρ̃ω 2






 . (5)





Simplification of the transfer matrix

The key idea of this paper is to use some hypotheses based on the characteristic properties of acoustic screens, which may be used to simplify the transfer
matrix T (d) and to reduce the number of required parameters. The most important assumption is that the average thickness of these coatings is rather small,
especially compared to the wavelengths of the waves in the media (kd  1, with k
the wavenumber in air or in the poroelastic layer). This hypothesis allows for an
approximation of the matrix exponential of Eq. (4) in terms of its first order Taylor
expansion:
T (d) ≈ I − dα + O(d2 )
(6)
with I the identity matrix. This approximation replaces the terms representing the
transfer of the corresponding fields through the film, with jumps in the values of
the field amplitude values between both faces of the layer. Indeed, Eq. (6) suggests
that all the fields are transferred and altered by a combination of the other fields
described by the state matrix α and proportional to the thickness d.
The next step is to identify the most important contributions in α and neglect
all others. For this purpose, the second proposed approximation is introduced.
Let ks be the largest wavenumber in the layer (i.e. ks ≥ kx,z , noting that ks
often corresponds to the solid-borne compressional wave) and using the constitutive
equations (2), it is easily shown that:
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|σ̂zz | 6 ks P̂ usz + Âusx ,

|σ̂xz | 6 2N ks (usz + usz )

(7)

From the second and last rows of the transfer matrix (solid displacements), it
comes:
d
Â
usz (0) = usz (d) + σ̂zz (d) + jkx d usx (d)
P̂
P̂
(8)
d
usx (0) = usx (d) + σ̂xz (d) + jkx dusz (d).
N
which can be combined with the two inequalities previously introduced to rewrite
the jumps for the two components of the solid displacement:
!
Â s
s
s
s
|uz (0) − uz (d)| 6 ks d uz (d) + 2 ux (d) ,
P̂
(9)


|usx (0) − usx (d)| 6 ks d 2usz (d) + usx (d)
Provided that the frequency or the thickness are sufficiently small such that
ks d  1, it is reasonable to assume that usx,z (0) ≈ usx,z (d), and thus to neglect all
terms on lines 2 and 6 in (6) except the unit diagonal.
Moreover, it is proposed to neglect two other effects:
— the influence of the saturating fluid on the evolution of in vacuo shear solid
stresses σ̂xz ;
— the coupling of the tangential solid and normal total displacement.
These assumptions respectively cancel T14 and T41 , T15 and T36 .
The transfer matrix may then be rewritten as:

0
0



T (d) ≈ I − d 0
0

0
0

0
0
0
−ρ˜s ω 2
ρ̃eq γ̃ω 2
0

0
0
0
−ρ̃eq γ̃ω 2
ρ̃eq ω 2
0

0
0
0
0
0
0

− K̃1
eq

0
0
+
0
0
0

− Â
2
kx
ρ̃eq ω 2

2

−P̂ 2 2
kx
P̂

0
0
0
0
0

− ρ̃ω 2






.




(10)
So far, the proposed modifications mostly impact the structure of the transfer
matrix without significantly reducing the number of physical parameters required to
describe the system behaviour. Considering the small thickness of the coatings, it is
proposed to neglect the effects of tortuosity and set α̃∞ ≈ 1. This last assumption
leads to simplified forms for the equivalent fluid quantities K̃eq and ρ̃eq :
K̃eq ≈

P0
,
φ

ρ̃eq ≈

ρ0
σ
+
φ
jω

(11)

4. VALIDATING THE SIMPLIFIED MODEL
a)

x

b)

θ

53

x

c)

θ
z

x

θ
z

z

Figure 1 – Configurations used during the development of the method and used in
the tests.

The first of these relations suggests that the compression is isothermal. The
imaginary part of the simplified equivalent density represents a phase shift of the
fluid-borne wave often referred to as a pressure jump or pressure drop.8 The real
part of the simplified expression of ρ̃eq is actually a second order term (whereas
the imaginary part is of the first order) that corrects the loss of accuracy at high
frequencies due to the simplifications.
This last set of simplifications brings down the number of parameters in the
model to six : three mechanical parameters (Â, N and the structural loss parameters η), the flow resistivity σ, the porosity φ and the bulk density ρ1 . Investigations
involving neglected frame mechanical parameters were performed, however the resulting levels of error were higher than the target. Hence, it was decided to keep
the elastic contributions in the proposed model.

4

Validating the simplified model

In this section, the simplified model is tested for different configurations against
a reference solution corresponding to a full Biot-JCA Transfer Matrix model. In order to validate the proposed approach, attention must be paid to special cases such
as the change of backing condition, grazing incidence and different materials. A
large range of configurations have then been tested in order to assess the robustness
of the proposed model. The three configurations shown on Figure 1 were used in
the development process. They present three different types of boundary conditions
backing the simplified layer and helps understanding how the errors build up. It
has been observed during the refinement of the proposed method, that the backing
condition featuring an air-gap (1.c) leads to results very similar to those obtained
with a PoroElastic Material (PEM) backing (1.b) whereas the rigidly backed configuration (1.a) behaves differently. Consequently, only the configurations of Figure
1.a and 1.b are used in the results shown hereafter.
The numerical values for the parameters used to model the films are taken
from a work discussing the characterization procedure for films.19 These values
are gathered in Table 1 along with the parameters of the backing foam. In the
simulations, the thicknesses of the films and foam are respectively 0.5mm and 50mm
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Table 1 – Physical parameters of the foam and films (woven and non-woven) used
in the validation cases of section 4.
Foam
0.994
9045
1.02
197
103
8.43
0.42
194.9·103
0.05

1.0

1.0

0.8

0.8

0.6

θ = 0◦
Reference

0.4

θ = 65◦
Reference

0.2
0.0

0

500

1000

1500

2000
2500
Frequency (Hz)

3000

3500

4000

Absorption Coefficient

Absorption Coefficient

Parameters (unit)
φ
σ (N·s·m−4 )
α̃∞
Λ0 (µm)
Λ (µm)
ρ1 (kg·m−3 )
ν
E (Pa)
η

Woven
0.72
87·103
1.02
480
480
171
0
50·103
0.5

Non-woven
0.04
775·103
1.15
230
230
809
0.3
260·106
0.5

0.6

θ = 0◦
Reference

0.4

θ = 65◦
Reference

0.2
0.0

0

500

1000

1500

2000
2500
Frequency (Hz)

3000

3500

4000

Figure 2 – Absorption coefficient for two different materials (one per sub-figure),
two angles of incidence (different colours) and two configurations (different line
styles). Left: Non-woven film. Right: Wowen film. The graphs showing low
absorption (dashed lines) are computed for the configuration of Figure 1.a with the
film directly laid on the backing, the others correspond to configuration 1.b with
an inserted PEM layer. The reference results are shown using marker symbols.
(Color online)
and the following properties are used for air ρ0 = 1.213 kg · m−3 , Pr = 0.71,
η0 = 1.839 · 10−5 Pa · s, P0 = 1.01325 · 105 Pa, γ0 = 1.4.
As seen from Figure 2, the agreement between the proposed simplified model and
a complete Biot-JCA model for the film is tested for two materials, two angles (0°
and 65°) and two boundary conditions (rigid backing and PEM backing). Clearly,
the results obtained by the proposed method stay close to the reference. The
agreement is even perfect at low frequencies and some very small discrepancies
discussed below are observed at higher frequencies.
In order to systematize the analysis, the evolution of the absolute error
 = |αbiot − αscreen |

(12)

is computed over the (f, θ) plane with αbiot and αscreen being respectively the
absorption coefficients calculated using the complete Biot-JCA model for the film

Incidence Angle θ

Incidence Angle θ
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Figure 3 – Evolution of the relative error in the (f, θ) plane. Left: (a. and c.)
non-woven film; Right (b. and d.): woven film. Top: (a. and b.) configuration as
in Figure 1.a; Bottom: (c. and d.) configuration as in Figure 1.b. (Color online)
and the simplified model. The results are shown on Figure 3 for different films and
backing conditions.
Near grazing incidence, an expected drop of precision is observed, particularly
when the film is directly laid on a rigid backing. This difference between the two
setups suggests that a compensatory effect is introduced when the backing is a
PEM. Indeed, whereas the absorption occurs only in the film when directly laid
on a rigid surface, it occurs mainly in the PEM in the other case, smoothing the
effect of the film. At grazing incidence, the proposed model (where most of the
shear effects have been neglected) obviously breaks down. The path travelled by
the waves in the film is also much longer, invalidating the hypothesis of a thin
film and leading to excessive absorption. Despite these points, the corresponding
relative error is lower than 3% in the observed cases.

5

Conclusion

In the present work, a simplified model for the transfer matrix of acoustic films
is proposed. Approximations based on physical reasoning lead to both a simpler
propagation model (with expanded matrix exponential) and a reduction of the
number of parameters. It is demonstrated that these simplifications hold for thin
poroelastic layers and that the resulting model behaves best when used in a transfer
matrix model on top of another PEM or air layer. For rigid backing conditions,
some discrepancies may be observed, mainly due to some of the parameters being
neglected. Despite these aspects, the model still exhibits a reasonable accuracy.
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Abstract

The propagation of airborne plane waves in the presence of a meta poroelastic laminate, that is a poroelastic matrix coated with thin elastic layers at
its facings and periodically-embedded with inclusions, is studied. Using the
Finite Element Method (FEM) only would result in a drastic increase of the
degrees of freedom due to the fine mesh required to account for the very thin
coatings. Here, the approach relies on: the Bloch wave expansion of the fields
in air; the modal Transfer Matrix Method to account for the coatings; and
the coupling with the FEM model of the poroelastic matrix and the resonant
inclusions. The model is developed for reflection and transmission problems
and it can account for coatings with multiple layers. The procedure induces
the addition of the Bloch coefficients in the FEM’s linear system at a negligible additional computational cost. It is applied to the meta poroelastic
laminates with poroelastic inclusions and rubber shell inclusions. The results
are compared with those from the Multiple Scattering Theory and an excellent
agreement between the methods is found. The approach offers a numericallyefficient way to account for coatings applied to meta poroelastic layers, and
finds applications in industrial prototypes where coatings are widely used.

1

Introduction

Sound insulation is a prominent research topic in acoustics and the development
of tailored absorbers using structured media has gained even more interest with the
emergence of the so-called metamaterials1–5 . Recently, the use of meta-poroelastic
media, consisting of micro-structures periodically embedded in a poroelastic matrix,
has been put forward4,6,7 . Such materials rely on the acoustic/elastodynamic energy
reduction, while energy dissipation is achieved through visco-thermal phenomena
in the matrix pores.
Besides, audacious designs are becoming more and more accessible, and new
manufacturing solutions such as 3-D printing8–10 now allow materializing algorithmically generated structures with a high fidelity. In particular, manufacturing
numerous quasi-identical unit cells is made possible and allows for full scale measurements. Such prototyping techniques motivate the use of advanced optimization
techniques such as genetic algorithms or nonlinear programming to simulate systems under realistic conditions.11,12
To this end, efficient and accurate numerical models of systems are required and
several options have been considered. On one hand, semi-analytical approaches such
as Multiple Scattering Theory13 , allow for very fast evaluation of system responses
at the cost of an initial analytical resolution. Nevertheless, Multiple Scattering
Theory (MST) is limited to simple inclusion geometries. On the other hand, more
versatile purely numerical techniques may be used to model one elementary cell
with periodicity conditions but tend to exhibit a much higher computational cost
at each evaluation. The Finite-Element Method (FEM) is part of this second group
and the cost of evaluation is directly linked to the mesh refinement which, in turn,
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is related to both the frequency of interest and the size of the smallest geometrical
features. The latter is of particular interest in the scope of meta-poroelastic systems
for which the free surface may be protected by thin layers (e.g. films or fabric) that
have an impact on the acoustic response and tend to drive the mesh refinement,
increasing considerably the computational cost. Considering these points, it proves
interesting to develop a method combining the versatility and ease of modelling
associated to the FEM while alleviating the cost of added layers by accounting for
them separately.
The present work is concerned with the plane wave reflection/ transmission of
airborne sound from a laminate panel made of a metaporoelastic layer sandwiched
between very thin elastic coatings. A method is presented which couples the FE
model of a meta-poroelastic layer and the Bloch expansions of the fields in the
surrounding media. The proposed approach efficiently accounts for elastic coatings that may be added to the poroelastic matrix and modelled with only a few
additional degrees of freedom. The model can give access to the reflection and
transmission coefficients not only for the specular modes but also for the Bloch
modes of higher order. The problem is tackled in 2-D and no particular assumption is made about the inner design of the metaporoelastic layer. The method is
presented in Section 2, and the results are compared with those from the Multiple
Scattering Theory (MST) for poroelastic media6 in Section 3.

2
2.1

Numerical model
Statement of the problem

The meta-poroelastic laminate consists of the infinite D-periodic arrangement
along the x axis of the elementary cell made of (1) a poroelastic matrix; (2) one
or several periodically embedded inclusions of arbitrary shape in the poroelastic
matrix; and (3) a thin elastic coating at the plane boundary Γ− of the poroelastic
matrix, see figure 1. The coating is supposed to be made of homogeneous elastic
material. Furthermore, the exact nature of the inclusions is not specified at this
stage, but they are supposed to be sufficiently long to tackle the problem in the 2-D
cross section (x, z). In this Cartesian coordinate system, the interface Γ+ is given
by z = z+ while the coating boundary Γ− on the other side is given by z = z− .
For simplicity in the derivation, the meta-poroelastic laminate is arranged against
a rigid backing at the boundary Γb and a single-layer coating is considered. The
model will be extended to transmission problems and multi-coating configurations
in Section 2.4.
The meta-poroelastic laminate is supposed to be in contact with air at the
boundary Γ− , see sigure 1. The reflection of an airborne unitary plane wave from the
meta-poroelastic laminate is studied in the linear harmonic regime at the circular
frequency ω (using ejωt time convention). Taking advantage of the adaptivity of
the FEM and its ability to model various types of inclusions, the meta-poroelastic
layer comprising the poroelastic matrix with the inclusion will be modelled using
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Figure 1 – A generic elementary cell of an infinitely periodic system. The dotted
lines on each side denotes periodicity conditions (applied in the FE scheme). A
detailed description of the cell is given in section 2. The inclusion is not detailed
and is of very little importance: only counts the homogeneity of the interface Γ+ .
the FEM. As a first step to the Finite Element Method14 , the equations governing
the equilibrium in the poroelastic matrix and the inclusions are formulated in their
weak form. The two classical approaches to model poroelastic with the FEM use
the solid displacement us and interstitial pressure p as main variables. They differ
in their way of accounting for boundaries: Ref. [15] proposes a boundary operator
coupling naturally with fluid media, whereas the formulation in Ref. [16] couples
best with elastic and poroelastic media. This last formulation uses the total stress
tensor σ t and relative displacement w between solid and fluid phase as secondary
variables used in the boundary operators. While the full weak form associated to
the FEM domain is beyond the scope of the present work, the expression of the
boundary operator along Γ+ , here expressed with the normal n pointing outwards
the FE domain, is given by:
Z
I=
Γ+

δus · [σ t · n] dΓ +

Z
δp [w · n] dΓ.

(1)

Γ+

A crucial point is that all the other boundaries of the FE domain are treated
classically by the FEM. They will not be discussed in the present paper.
Evaluating this integral is hence one key of the FEM model. To avoid modeling
the coating with the FEM (which would inevitably lead to a drastic increase in
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the number of degrees of freedom due to the very fine mesh required by very small
thickness), an alternative procedure is presented here, that takes advantage of the
quasi-periodicity in the system. The present approach relies on the transfer of the
unknown Bloch coefficients from the fluid medium to the poroelastic matrix. A
technique similar to the transfer matrix method is used for transferring the Bloch
expansions and allows to account for the coating by rewriting the FEM boundary
operator I and the associated set of continuity conditions.

2.2

Bloch wave expansions and modal Transfer Matrix Method

Due to the D-periodicity of the meta-poroelastic laminate, the pressure field pa
in air can be expanded as follows in terms of Bloch waves:
i
Xh
l
l
l
δ0l e−jkz z + Rl e+jkz z e−jkx x ,
pa (r) =
(2)
l∈Z

where δ0l is the Kronecker symbol and represents the amplitude of the incident wave,
Rl are complex reflection coefficients and kxl and kzl are the Bloch wavenumbers
defined as:
r 
ω 2
2πl
l
l
i
− (kxl )2 ,
(3)
; kz =
kx = kx +
D
c
where kxi is the wavenumber of the incident field in the direction x, c is the sound
speed in the fluid medium of density ρ. Besides, the particle displacement ua =
 a a T
in air is given by the momentum conservation ρω 2 ua = grad(pa ) and,
ux , uz
using equation (2), its component along z reads:
i
Xh
l
−jkzl z
+jkzl z
uaz =
ua,i
+ ua,l
e−jkx x ,
(4)
z δ0l e
z Rl e
l∈Z
a,l
where the harmonic displacement coefficients ua,i
z for the incident field and uz for
the Bloch reflections read:

ua,i
z =

jkzl
−jkzi
a,l
;
u
=
.
z
ρω 2
ρω 2

(5)

Similarly, the solid particle displacement ue (x, z± ) at the boundary Γ± of the
elastic coating (fixed value of z = z± ) can be expanded as:
X

l
ue (x, z± ) =
ue,l (z± ) e−jkx x ,
(6)
l∈Z


T
e,l
where the vectors ue,l (z± ) = ue,l
are the complex amplitudes
x (z± ), uz (z± )
of the displacement ue (x, z± ) in its Spatial Fourier Transform along x, that is its
 e
e T
projection on Bloch waves. Likewise, the surface stress vector σ e = σzx
, σzz
at the boundary Γ± is expanded as:
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σ e (x, z± ) =

X

l
σ e,l (z± ) e−jkx x .

(7)

l∈Z

At the interface Γ− between the fluid medium and the coating, that is at z = z− ,
the following boundary conditions hold, stating the continuity of the normal flux
and of the surface stress vector:
uez = uaz ;

e
σzx
=0;

e
σzz
= −pa

at Γ− .

(8)

Note that the x-component of the displacement ue does not appear in those
e,l
conditions, and its modal components ue,i
x (z− ) and ux (z− ) are hence unknowns of
the problem. Using equations (2), (4), (6), (7) and the orthogonality of the Bloch
waves, the interface conditions (8) leads to the following relations, where the Bloch
modes are decoupled from one another:
 e,l

 ux (z− ) = unknown,


 ue,l (z− ) = ua,i δ0l + ua,l Rl ,
z
z
z
e,l

σzx (z− ) = 0,



 e,l
σzz (z− ) = −δ0l − Rl .

(9)

The components on the left-hand side of equations (9) can be advantageously
arranged in the state vector S−
l for Bloch mode l at the boundary Γ− (z = z− ) as
follows:
n
oT
e,l
e,l
e,l
e,l
S−
=
u
(z
),
u
(z
),
σ
(z
),
σ
(z
)
.
(10)
−
−
−
−
x
z
zx
zz
l
a,l
Then, using expression (5) for the displacements ua,i
z and uz , equation (9) can
be written in the following matrix formulation:
−
−
S−
l = E δ0l + [Il ]Ql ,

(11)


T
being
with the vector E− being related to the incident field, Ql = ue,l
x (z− ), Rl
the vector of unknowns and [I−
]
a
matrix
implementing
the
continuity
conditions
l
for the reflections. These quantities are defined by:

E− =



0 


 −jki 

z

ρω 2




 0 

−1

;


1

0
[I−
l ]=
0
0

0



jkzl 
ρω 2  .

0 
−1

(12)

Likewise, the state vector S+
l for the Bloch mode l at the boundary Γ+ (z = z+ )
reads:
n
oT
e,l
e,l
e,l
e,l
S+
=
u
(z
),
u
(z
),
σ
(z
),
σ
(z
)
.
(13)
+
+
+
+
x
z
zx
zz
l
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Figure 2 – The three elementary cells used in the examples, a) rubber-poroelasticrubber sandwich panel with no inclusion, b) rubber coated poroelastic slab with an
air-filled rubber shell inclusion, c) rubber coated poroelastic slab with a poroelastic
inclusion.
Considering the orthogonality of the Bloch waves (exponential functions), each
Bloch mode l at the boundary Γ+ depends linearly on the Bloch mode of the same
order l at the boundary Γ− . Introducing a modal transfer matrix [Tl ] for each
Bloch mode l, this linear relation is given by the relation:
−
S+
l = [Tl ]Sl .

(14)

The expression for the modal transfer matrices [Tl ] related to the elastic coating
can be found in Ref. [17].
Now, substituting (11) into (14), the state vector S+
l is found to take the form:
+
+
S+
l = E δ0l + [Il ]Ql ,
+

where the vector E and the matrix

[I+
l ]

E+ = [T0 ]E− ;

(15)

are given by:
−
[I+
l ] = [Tl ][Il ].

(16)

S+
l

Note in equation (15) that the state vector
for the Bloch mode l at the boundary
Γ+ actually depends on the vector Ql of unknowns, that are the modal displacement
ue,l
x (z− ) in the x-direction at the boundary Γ− , and the reflection coefficients Rl
in air. In other words, these unknowns have been transferred to the interface Γ+
between the coating and the meta-poroelastic layer. In the next section, the method
to incorporate these unknowns into the FEM model of the meta-poroelastic layer
is presented.

2.3

FEM implementation

At the interface Γ+ between the elastic coating and the poroelastic matrix, the
following conditions hold, which state the imperviousness of the coating, and the
continuity of the normal surface stress and solid displacements:
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w·n=0 ;

σ t .n = −σ e ;

us = ue

at Γ+ .

(17)

The minus sign in the balance of surface stresses has been introduced to comply
with the orientation of the normal vector at Γ+ . Using equations (7) and (13), the
surface stress σ t .n = −σ e (z+ ) at Γ+ reads:
X
l
σ t .n(x, z+ ) = −
e−jkx x ,
(18)
S+
l
l∈Z

3,4

where the subscripts 3, 4 denote the extraction of the 3rd and 4th row of the tensor.
Combining equation (18) with (15) results in:

X
l
+
t
+
δ0l + [Il ] Ql e−jkx x .
(19)
σ .n(x, z+ ) = −
E
3,4

3,4

l∈Z

Substituting this expression back into the expression of I in equation (1) and using
the impervious surface condition w · n = 0 at Γ+ from equation (18), the boundary
operator reads:
Z 

l
I= −
E+ e−jkx x · δus dΓ
3,4
Γ

(20)
X+ Z 
l
−
[I+
Ql e−jkx x · δus dΓ.
l ]
l∈Z

3,4

Γ+

Similarly, using the last condition of (17) as well as equations (13) and (6),
the displacement at the surface of the poroelastic matrix is retrieved. Directly
s
substituting S+
l from (15), u reads:

X
l
−jkx
x
us = −
E+ δ0l + [I+
]
Q
,
(21)
l e
l
1,2

l∈Z

1,2

where the subscripts 1,2 denote the extraction of the first and second rows of the
vector or matrix.
Projecting the continuity of the solid displacement in equation (21) on each
Bloch mode along Γ+ and using the orthogonality of the Bloch series’ components
yields a set of continuity conditions depending on the unknown coefficients and the
fields from the FEM:
Z
0

D

l

us (x, z+ )ejkx x dx = DE+

1,2

δ0l + D[I+
l ]

1,2

Ql .

(22)

Both equations (20) and (22) can now be implemented in the FEM model of
the poroelastic matrix with the inclusion. After the spacial discretization and the
Galerkin expansion over a set of shape functions, the FEM process results in a
linear system:
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[A]X = B,

(23)

where the matrix [A] describes the propagation in the volume; the vector B comes
from the discretization of the boundary operator; and the vector X contains the
NF E nodal values for the fields14 .
To perfectly represent the reflected field, the Bloch wave expansion involves
infinite sums on Z, but for practical reasons, only a truncation to 2N + 1 terms
ranging from −N to N is considered. The integer N is chosen according to an
empirical rule based on previous numerical experiments6,18,19 and is large enough
for the Bloch waves’ series to represent the fields’ complexity:


ω
D 
(24)
3Re
− kx0 + 5,
N=
2π
c
where Re(x) represents the real part of x and 5 is chosen as a security term.
The vectors Ql of unknowns are gathered in the overall vector Q:

Q = Q−N . . . Q−1 , Q0 , Q1 . . . QN

T

.

The discretization of the boundary operator I as expressed in (20) is included
in the right-hand side term B along with the terms from the other boundaries
(gathered in F0 but not detailed in this work):
B = F0 + FI = F0 + F − [C]Q,

(25)

where the NF E vector F and NF E × 2(2N + 1) coupling matrix [C] come from the
discretization of the first and second terms in (20), respectively. The evaluation
of these terms must be handled with care since they might require integration of
exponential-polynomial products.
Likewise, the discretization of (22) yields the following relation:
[C0 ]X = F0 − [A0 ]Q,

(26)

where the 2(2N + 1) × NF E matrix [C0 ], comes from the discretization of the
left-hand-side term of (22) while the 2(2N + 1) vector F0 and the 2(2N + 1)
diagonal matrix [A0 ] come from the discretization of the first and second terms in
the right-hand-side of (22). Note that F0 is zero for all l except for l = 0 where it
takes the value D. Finally, combining equations (23) to (26), the following overall
FEM/Bloch coupled-system is formed:

     
[A] [C]
X
F
F0
=
+
.
(27)
[C0 ] [A0 ] Q
F0
0
Hence, the vector of the FEM unknowns X is extended by the 2(2N + 1) vector
of unknowns Q from the Bloch expansions.
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Extension to transmission problems and multi-coating
configurations

The method has been presented for the reflection problem on a meta-poroelastic
laminate with a rigid backing and a single coating above the meta-poroelastic layer.
It is now extended to the transmission problem and multi-layer coating configurations.
Extension to transmission problems The fields transmitted through the system are accounted for in a manner similar to the reflected ones. Based on Bloch
wave expansion, expressions similar to (2) can be written for the transmitted fields.
This implies introducing a new set of unknown coefficients QTl to be added to the
linear system. The continuity relations between the FE domain and the coatings
are rewritten in terms similar to (17). This procedure leads to a new extension of
the linear system for the transmission case:
  


[A] [C] [CT ]  X   F 
 [C0 ] [A0 ] [0]  Q
= F0 ,
(28)

  
0
0
[CT ] [0] [AT ]
QT
0
with [A0 ], [C0 ], [C], Q, F0 being related to the reflection side and their counterparts
subscripted with T to the transmission one. Note that the second forcing vector is
null since no excitation is considered on the transmission side.
Extension to multi-coating configurations For multi-coating configurations,
the approach relies on the modal Transfer Matrix Method (TMM) to transfer the
fields through the different coating layers. A generalised transfer matrix for the
whole multilayer can be deduced by multiplying the transfer matrices [T(n)] related
to each of the NL layers in the system20 . This leads to a new set of [Tl ] matrices
that can be substituted into (14) to account for a multilayer coating.

3

Applications

Three different cases are presented in this section, one is a transmission case
without inclusion and the two others are reflection cases with periodic embeddings.
The reference for the transmission case is computed using the TMM. On the other
hand, the reflection cases reference solutions are computed using a semi-analytical
Multiple Scattering21 approach. Schematics of the test cases can be found in figure 2
and physical properties of the materials in table 1.

3.1

Transmission Case

This first test computes the absorption coefficient and transmission loss of a
rubber-poroelastic-rubber sandwich panel. The problem is of infinite extent along
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Table 1 – Physical parameters used in the test suite, taken from Ref. [21] or manufacturer data (inclusion’s poroelastic material is based on a sample from Eurocell).
V/T.c.l: Viscous/Thermal characteristic length.
Air properties
Parameter
Symbol Value
Density
ρ
1.213
Prandlt number
Pr
0.71
Viscosity
η
1.839 · 10−5
Atmospheric pressure
P0
1.01325 · 105
Polytropic index
γ
1.4
p
γP0 /ρ
Sound speed
c

Unit
kg·m−3
—
Pa·s
Pa
—
m·s−1

Rubber properties
Symbol Value
ρ
1800
E
1.9 · 106 − 796jω
ν
0.48

Unit
kg·m−3
Pa
—

Parameter
Density
Young’s modulus
Poisson ratio

Poroelastic media properties
Parameter
Symbol Slab
Inclusion
Porosity
φ
0.989
0.95
Resistivity
σ
8060
42 · 103
Tortuosity
α∞
1
1.1
V.c.l.
Λ
214
15
T.c.l.
Λ0
214
45
Density
ρ
6.1
126
Shear modulus
N
2.28 · 104 2.8 · 105
Poisson ratio
ν
0.24
0.24
Structural damping
ηs
0.02
0.05

Unit
—
N·s·m−4
—
µm
µm
kg·m−3
Pa
—
—

the x direction, which is enforced using periodicity conditions on both sides of
an elementary cell depicted in figure 2(a). Two tests are conducted: one with a
period D = 20 mm and another with D = 150 mm and both use 10 elements per
period. The goal of the second case is to demonstrate that the proposed approach
allows reducing the number of elements while controlling the loss of accuracy. A
plane wave impinges the surface of the multilayer at an angle θ with respect to the
normal to the surface and, given the problem geometry, only specular reflection
and transmission might exist. In order to test the proposed method, the solution
is computed considering 11 Bloch waves both in transmission and reflection and as
many terms in each of the two expansions for ux . The higher-order reflection and
transmission coefficients are all expected to be null.
Using the TMM solution as a reference, one can validate the proposed approach
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Figure 3 – a) Absorption coefficient & b) Transmission loss for a rubber-poroelasticrubber panel at two two angles of incidence θ = 0rad (dashed) and θ = π/3rad
(solid). The circle markers correspond to the TMM reference solution.
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Figure 4 – Bloch series coefficients for a rubber-poroelastic-rubber panel with the
incidence angle θ = π/3rad. a) Real (solid line) and imaginary (dashed line) parts
of the null-order coefficients for transmission (light) and reflection (dark). b) Higher
order coefficients with real and imaginary part superimposed (note the 10−7 scale
factor).

by computing the evolution of the absorption coefficient and transmission loss with
regard to the frequency. The results for this test are presented in figure 3 where
solid lines correspond to the proposed method and the markers to the TMM reference. This figure shows a perfect agreement between both methods over the whole
frequency range and particularly around the peaks of large absorption and transmission. The FE mesh is sufficiently refined and this first result suggests that the
proposed method does not induce any loss of precision.
In order to check that the solution vector is consistent with the expectations,
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Figure 5 – Comparison of the absorption coefficient computed using TMM (circle
markers), the proposed method (solid line) or including the coatings in a Finite
Element model (dashed line). The number of elements in the core is the same
for the two last methods, chosen such as one of them cat least complies with the
reference.
one may plot the evolution of the coefficients from the Bloch series with respect
to the frequency, as proposed in figure 4. The null-order coefficients (specular) are
plotted in figure 4(a) and the higher-order ones in 4(b). One clearly sees that,
except for the coefficients R0 and T0 , all values are down to the order of 10−7 . This
validates that the method gives consistent results and does not generate artifacts.
In order to highlight another ability of the method, the period is increased
(D = 150 mm) while keeping the same number of elements. The comparison is
made between the TMM reference (same as above), a solution using the proposed
approach and a pure FEM solution modeling both the core and the coating using
the FEM. Because of the period increase, the elements are slightly larger than in
the previous case and the agreement with the reference solution is expected to be
worse.
The results are shown in figure 5 with the TMM reference in black dots, the
proposed method in light solid line and the FEM in dark solid line. One sees that at
low frequency, all approaches produce similar results. As the frequency increases,
the under-refined mesh leads to discrepancies in the pure FEM, the method being
unable to represent the phenomena above 1 kHz. This is a side effect of distortion
induced by an insufficiently refined mesh. The proposed approach does not experience the same issue: the coarse mesh tends to produce a slight shift of the peak
towards low frequencies compared to TMM but the agreement is still good even
without adding elements. Up to 5 kHz, no major disagreement between the TMM
reference and the proposed approach can be noted, neither in amplitude nor peaks
positions.
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Figure 6 – Absorption coefficient for two meta porous panels bonded on a rigid
backing with a) an air-filled rubber shell or b) a poroelastic circular inclusion.
The panels are coated with rubber and excited by a plane wave for two different
incidence angles θ = 0rad (dashed) and θ = π/3rad (solid). Results from the
Multiple Scattering Theory are used as reference and shown with circle markers.
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Figure 7 – Fields’ maps for the rubber shell case at f = 1945Hz and θ = π/6.
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Reflection cases with inclusions

To illustrate the effects of the meta-poroelastic laminates on wave reflection, two
configurations are studied. In the first case, the inclusion is made of poroelastic
material, while in the second case the inclusion consists of a rubber shell with a
0.2 mm thickness filled with air, see figures 2(b) and 2(c). In both configurations,
circular inclusions have an external radius of 8 mm, the period is D = 20 mm, the
poroelastic matrix is 20 mm thick and is placed on a rigid backing while its free
surface is coated with a 0.2 mm rubber layer. Results are presented in figure 6, and
are compared with those obtained by the Multiple Scattering Theory for poroelastic
media21 . Two angles of incidence are considered: normal incidence (θ = 0) and
oblique incidence with θ = π/3. The overall agreement between both methods is
excellent and both the amplitude and the position of maxima match well.

4

Conclusion

In the present work, a method to account for thin plane structures at the boundary of a Finite-Element model is proposed. This method does not require to mesh
the considered coating, limiting both the increase in complexity of the model and
the potential distortion effects. The method is based on a transfer matrix approach
and allows accounting for single- and multilayer coatings for a negligible increase of
the model’s size, while keeping the versatility of the FEM. The proposed approach
was compared to the semi-analytical Multiple Scattering Technique to assess its
accuracy. Results were in excellent agreement and the method is thus deemed reliable for the considered cases. Although the theoretical discussion was focused on a
single layer elastic coating placed on a meta poroelastic layer, the approach could
be extended to other types of media (anisotropic, for instance).
The whole development has been thought for meta materials design. Actually,
the technique presented in this work has the potential to facilitate design of new
meta absorbers. It alleviates the cost of meshing the coatings and allows to resolve
separately all Bloch coefficients while still taking advantage of the FEM’s versatility.
Based on the FEM, the method allows to visually explore the on-going phenomena
by generating maps as could be done with pure FEM typically implemented in
commercial software. Examples of such maps for the system presented in figure 2(b)
are depicted in figure 7. These field representations allow to finely investigate
localization and radiation properties of such systems and can eventually serve as a
guide towards new designs.
Applications of this work may concern a numerical approach to the design of
meta materials and meta poroelastic laminates, especially in industrial applications
where multilayer coatings are heavily used for protection, aesthetics, etc. and where
the efficient simulation of their effect is crucial to the design process.
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Abstract

A coupling approach is presented to combine a wave-based method to
the standard finite element method. This coupling methodology is presented
here for the Helmholtz equation but it can be applied to a wide range of wave
propagation problems. While wave-based methods can significantly reduce
the computational cost, especially at high frequencies, their efficiency is hampered by the need to use small elements to resolve complex geometric features.
This can be alleviated by using a standard Finite-Element Model close to the
surfaces to model geometric details and create large, simply-shaped areas to
model with a wave-based method. This strategy is formulated and validated
in this paper for the wave-based discontinuous Galerkin method together with
the standard finite element method. The coupling is formulated without using
Lagrange multipliers and results demonstrate that the coupling is optimal in
that the convergence rates of the individual methods are maintained.

1

Introduction

During the last decades simulations have become central in engineering and
product design. Driven by an increasing focus on reduced cost and shortened development time, a growing number of industries rely on digital prototyping to guide
their conceptual design process. Initially used for research and earliest stages of
concept definition, numerical models and simulations gradually made their way towards the final stages of design and validation. These trends result in an increasing
need for fast, reliable and accurate simulation techniques, with sufficient versatility
to be used throughout the whole development process. The availability of largescale computing resources (cloud-based HPC, virtual clusters, etc... ) alleviated
the problem for a while but as the models to be simulated grow in size and detail,
the need for computationally efficient methods remains a priority.
These aspects are particularly relevant for wave propagation problems such as
acoustic models when using the Finite-Element Method (FEM). This tool, commonly acknowledged for its robustness and adaptability, is suited for a wide range
of problems as the use of unstructured meshes allows handling complex geometrical
details. On the other hand, this method performs better in the low- and midfrequency ranges but, in practice, is often used for analysis at higher frequencies.
However, it is well established that as the frequency increases, the requirements in
terms of elements per wavelength1 induce a rapid increase of the size of the matrices
involved. In addition, large gradients in the solution as well as geometrical details
often lead to a need for gradual mesh refinement in parts of the model.
It is beyond the scope of the present paper to review the research related to
improve the efficacy of dynamic FEM, but a few examples that are related to
the present work are e.g. FE augmented with waves basis2,3 , local heuristics4,5 ,
high-order approximations in the shape functions6,7 , etc. Over the years, research
towards methods incorporating local solutions of the equations to be solved received a lot of attention, leading to a large class of so-called Trefftz methods in-
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cluding for instance the Variational Theory of Complex Rays8,9 (VTCR), Least
squares methods10 , Ultra Weak Variational Formulation11–13 , or the Wave Based
Method14,15 (WBM) among others. For a more thorough review of the field see
reference [16]. The present work, focused on the Discontinuous Galerkin Method
using Plane Waves (PWDGM or DGM13,17 ), is part of this last category. This
method uses a meshed domain and interpolates the fields in each element using a
basis of plane waves. Previous works demonstrated its ability to compute solutions
accurately over large, coarsely meshed domains with simple shapes. To avoid numerical ill-conditioning due to linear dependence in the basis, the elements should
not become too small. Thus, the main drawback is related to complex geometries
where the mesh has to be refined to resolve geometrical details. In this case, as the
elements become smaller, the efficacy of the wave-based approach is lost. In order
to alleviate these limitations while still benefiting from the small-sized linear system, there is a growing interest in developing hybrid schemes where these advanced
methods can be coupled with standard FEM. Such attempts have been published
for the WBM18,19 and the VTCR20 , both for a coupling with standard FEM.
In the present paper, an original coupling technique for PWDGM and FEM
is proposed. The objective is to use both methods in an efficient way, i.e. using
FEM to model geometrical details and create large, simply-shaped areas to be
accounted for using PWDGM. The key towards efficacy in such a coupling technique
is the way the coupling conditions between the two domains are formulated. As
an example, the authors have investigated an approach based on the use of the
derivatives of the FE shape functions to match DGM approach, inducing the loss
of one order of magnitude on the convergence rate.21 At the cost of some additional
algebraic manipulations22 , the approach proposed in this paper avoids the use of
Lagrange multipliers and the associated increase in the number of equations as well
as the differentiation of the shape functions. It is instead focused on mimicking
the classical approaches traditionally used within each of the methods to handle
boundary conditions. A prominent feature of the proposed coupling strategy is that
it handles incompatible meshes without any noticeable loss of numerical precision.
Thus, no particular care has to be exercised to ensure the nodes of the two meshes
to match at the interface. Finally, the results show that this coupling strategy does
not induce additional numerical error. On the contrary, the results suggest that the
maximum error level is controlled by the highest error of the two coupled methods.
The paper begins with an overview of both methods given in section 2, followed
by a theoretical description of the proposed coupling procedure in section 3. While
the proposed approach is general and may be applied to couple different physical
media interacting along a common interface, in this paper the procedure is demonstrated on a simple fluid-fluid case and applied to academic examples as well as a
more complex and challenging test case.
Throughout the paper a harmonic time dependence is assumed with an implicit
convention ejωt where ω is the angular frequency. The fields are represented by
their respective complex amplitude.
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Figure 1 – The two domains 1 and 2 are modelled with different methods, coupled
through the interface Γ. The meshes from both sides are not necessarily consistent.

2

Basics

The system considered (see figure 1) is composed of two media (denoted 1 and 2)
sharing an interface Γ. For every point along Γ, relations between the physical fields
in the surrounding media may be established. As some of the fields may vanish at
the interface, e.g. due to essential boundary conditions, the term interface relations
will be preferred over continuity conditions. These relations may be expressed as a
matrix equation in the following general form:




C1 (x) X1 (x) = C2 (x) X2 (x),

∀x ∈ Γ

(1)

where the vectors Xi (x) represent the complex amplitudes of the physical fields
involved in the interface relation for each medium i and in each point x of Γ. The
proposed coupling approach handles both different physical models and numerical
schemes, hence X1 (x) and X2 (x) used to represent the media’s dynamic state may
be different. The problem is well-posed if the interface relations are known and
sufficient to uniquely determine the solution. From now on, the spatial dependence
x in the relation (1) will be omitted for conciseness.
In order to facilitate the discussion, the weak forms for FEM and DGM are
presented. As the DGM is more recent, it will be presented in greater detail. Since
the proposed coupling procedure is independent of the chosen discretisation and
interpolation schemes, these are not discussed here. The objective of this section is
to introduce the boundary terms and composition of the Xi (x) vector involved for
each scheme.

2.1

Finite Element Method

In this section, the FE formulation for a second order partial differential equation
is presented. The problem is set on a domain Ω whose boundary ∂Ω is assumed to
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be sufficiently regular. The associated weak form reads:
Z

Z
a(f , δf ) dΩ +

Ω

Z
L(δf ) dΩ +

Ω

b(∂x f , ∂y f )δf dΓ = 0 ,

∀δf ∈ V 0

(2)

∂Ω

where f denotes the vector of primary variables of the weak form and δf the associated test fields. The f vector belongs to a Hilbert space V and δf to its dual.
The variables in f are discretised over the mesh. The bilinear function a models
the reaction of the media in the volume and depends on the fields and their spatial
derivatives. When the weak form is discretised and written as a linear system, a
provides the system matrix. The inner volume forces acting on the medium are
given by L.
The interface relations are introduced through the function b, representing the
interface relations through combinations of the so-called secondary variables. Together with the primary variables, b forms the X vector used in (1).
As an example, a common choice for a fluid medium uses the scalar acoustic
pressure p as primary variable and the normal velocity as secondary. Hence:



  ∇p · n 
b (∂x f , ∂y f )
(3)
X1 =
=
jρω
f


p
with ρ denoting the medium’s density and ∇ • ·n the normal derivative.

2.2

Discontinuous Galerkin Method

To formulate the DGM a common first step is to express the dynamic behaviour
as a system of first order differential equations and then proceed towards a spatially
discretised weak form17 . The problem is initially modelled by:
jωS + [A]∂x S + [B]∂y S = 0

(4)

where S, usually called state vector, is a vector whose components are combinations
of the physical fields from f and their space derivatives. When considering a simple
Helmholtz problem in air, both [A] and [B] are real matrices and the state vector
S used throughout the paper is:
n
oT
S = vx , v y , p .

(5)

The problem representation is not unique though, for instance, an alternative choice
for the state vector and the matrices can be found in Ref. [17]. Other example for
other types of physics may be found as well, some with complex matrices such as in
Ref. [22] where the method is applied to Biot equations for poroelastic materials.
A key aspect of the DGM is that fields are approximated as continuous-perelement and only the flux continuity is enforced across the elements. To use this
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approach, the domain has to be meshed and the weak form to be decomposed over
it. A set of elementary sub-domains Ωe (with e = 1, . . . , N ) is then introduced and
the weak form distributed over the union of all Ωe .
N Z
X



TTe jω + [Ae ]∂x + [Be ]∂y Se dΩ = 0,

∀Te ∈ Se

(6)

e=1Ω
e

where Se and Te correspond respectively to the state variables and test functions
over the element Ωe . In this equation [Ae ] and [Be ] correspond to the [A] and [B]
matrices from (4) on the element e. The vector of unknowns, Se , is identical to
the state vector previously introduced. The vector of test functions, on the other
hand, belongs to an Hilbert space Se , constructed as the product of Sobolev spaces
in which lie the different physical fields descriptors.
In order to separate out boundary and interior terms, the following identity may
be used:
)
)
( T
Z ( T
Z
Te [Ae ]Se
Te [Ae ]Se
· n dΓ
(7)
dΩ =
∇·
TTe [Be ]Se
TTe [Be ]Se
Ωe

∂Ωe

where the vector n is the normal to the element e’s boundary ∂Ωe pointing outwards
Ωe . When evaluating (7), the derivatives related to Se may be eliminated using (6),
leading to:
N Z 
X

jωTe − [Ae ]T ∂x Te − [Be ]T ∂y Te

T

Se dΩ

e=1Ω
e

+

N Z
X

(8)
TTe [Fe ]Se

dΓ = 0,

∀Te ∈ Se

e=1∂Ω
e

with [Fe ] = [Ae ]nx + [Be ]ny , being the flux matrix associated with direction n =
{nx , ny }T .
The final step towards the derivation of the DGM equation is to eliminate the
volume integral in (8). This is achieved by choosing the test functions among the
solutions to the adjoint of (4). Thus, taking Te in a subspace Te ⊂ Se such as:
n
o
Te = Te ∈ Se jωTe − [Ae ]T ∂x Te − [Be ]T ∂y Te = 0
(9)
allows for the volume integrals of (8) to be cancelled, leaving only a sum of integrals
over the element boundaries:
N Z
X
e=1∂Ω
e

TTe [Fe ]Se dΓ = 0 ,

∀Te ∈ Te

(10)
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Equation (10) addresses both internal interfaces of the DGM domain and its
external boundaries. The part of this equation corresponding to internal interfaces
might be rewritten as a sum over all Γee0 , the interface between the elements e and
e0 :
X Z
TTe [Fe ]Se + TTe0 [Fe0 ]Se0 dΓ
(11)
e,e0 <e

Γee0

A basic requirement for the present formulation to be conservative is that the
normal fluxes from both sides of Γee0 balance at the interface:
[Fe ]Se + [Fe0 ]Se0 = 0

(12)

No condition on the Se and Se0 vectors has been set to enforce this requirement.
To this end, a numerical flux fee0 (Se , Se0 ) might be constructed as proposed in the
literature, e.g. [17, 22]. This flux is then split into incoming and outgoing parts and
the former is used to express the latter.
On the other hand, a set of external boundaries is required to complete the
formulation and reads:
XZ
TTe [Fe ]Se dΓ
(13)
∂Ωe ∩∂Ω

e

The coupling procedure aims at proposing a new form for the flux [Fe ]Se between the DGM and the FEM domains to substitute in the relevant terms of the
summation (13).

3

Coupling

To establish the coupling between the weak forms, the complete system is first
obtained by summing (2) and (10), which leads to:
Z

Z
a(f , δf ) dΩ +

Ω

+

L(δf ) dΩ
Ω

Z
N
X

TTe [Fe ]Se

Z
b (∂x f , ∂y f ) δf dΓ

dΓ +

e=1
∂Ωe \Γ

(14)

∂Ω\Γ
0

Z
b (∂x f , ∂y f ) δf dΓ +

+
Γ

N Z
X

TTe [Fe ]Se dΓ = 0 ,

∀δf ∈ V, Te ∈ Te

e=1 Γ

where the integrals corresponding to the interface between the two sub-domains are
evaluated along Γ and the rest of the section is focused on these terms.
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Γ

Figure 2 – Renumbering the different segments
of the interface Γ with Γk and k
SN
from 1 to Nk . This new scheme verifies k=k1 Γk = Γ.
Both domains require some form of meshing to be applied and the interface
will thus be represented twice, however it is not necessary for these meshes to be
compatible. The union of these two discretisations splits Γ into several segments.
To express the coupling terms, an efficient way of addressing each segment of Γ
is needed. As shown in figure 2, each of the Nk segments of Γ connecting two
consecutive nodes is denoted Γk with 1 ≤ k ≤ Nk . This set is built in such a way
that it covers the whole Γ interface:

Γ=

Nk
[

Γk

k=1

All segments have their normal oriented outwards from the DG domain. For
each of them, it is straightforward to identify the surrounding FEM and DGM
elements, hence the element indices are omitted in the following for improved readability. The second line of (14) can then be rewritten as:

IC =

Nk  Z
X
k=1

Z
b (∂x f , ∂y f ) δf dΓ +

Γk


TT [F]S dΓ

(15)

Γk

The key idea behind the proposed method is to derive explicit, local expressions
for b and the flux [F]S as functions of the primary variables and the state vector
S. The starting point to derive such relations is obtained from a substitution of
(3) into (1) thus expressing physical continuity conditions between the DGM state
vector and the FEM variables (f and b):

[C1 ]

b (∂x f , ∂y f )
f


= [C2 ]S

(16)
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where [C1 ] and [C2 ] are matrices combining the different quantities to represents
valid interface relations.
The flux entering the DGM sub-domain is separated from the one leaving it by
introducing the characteristics of the differential operator.
Given that the eigenspace of [F] is identical to the space of characteristics, the
decomposition into outgoing and incoming flux may be obtained by diagonalising
the flux matrix: [F] = [P][Λ][Q]. In this relation [P] represents the matrix of
eigenvectors and [Q] its inverse. The eigenvalues (on the diagonal of [Λ]) can then
be separated in two sets. The positive (resp. strictly negative) ones, associated with
characteristics going out of the element (resp. entering in to) are denoted with a
+ (resp. −). It is important to stress that the zero-valued characteristics are non
propagative and that they will have no role in rewriting the interface relations.
Despite this they are kept for consistency and grouped together with the positive
ones. This leads to the following partitioning of the matrices [P] and [Q]:
 −


[Q ]
[P] = [P− ] | [P+ ] ,
[Q] =
,
(17)
[Q+ ]
with the following decomposition pgrforof the state vector Se :
S = [P− ]S− + [P+ ]S+ ,
−

S− = [Q− ]S,

S+ = [Q+ ]S

(18)

+

where S and S are the generalised coordinates of S in the space of characteristics,
forming an intermediate step towards determining a numerical flux compliant with
the boundary conditions. Introducing S− and S+ into (16), and partitioning [C1 ]
into sub-matrices related to primary and secondary variables:
 h
h
i
i  −
b (∂x f , ∂y f )
S
b
f
−
+
[C1 ] [C1 ]
= [C2 ][P ] [C2 ][P ]
(19)
f
S+
Re-arranging this equation in order to gather terms related to b and S− on one
side and f and S+ on the other side:

h

[Cb
1]

i b (∂ f , ∂ f ) h
i f 
x
y
f
+
− [C2 ][P ]
= − [C1 ] [C2 ][P ]
S−
S+
−

(20)

Finally, after inverting the matrix at the left hand side:


b (∂x f , ∂y f )
S−


=

h

[Cb
1]

− [C2 ][P− ]

i−1 h

− [Cf1 ] [C2 ][P+ ]

i

f
S+


(21)

For convenience, the matrix linking the vectors of variables in (21) is called
reflection matrix and denoted [R]. It is partitioned into four blocks numbered [Rij ]
which all link two sets of components of the left and right hand vectors of (21):
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[R] =

h

[Cb
1]
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− [C2 ][P− ]

i−1 h

− [Cf1 ] [C2 ][P+ ]

i

"
[R11 ]
=
[R21 ]

#
[R12 ]
[R22 ]

(22)

To assess the existence of [R], one can check that the dimensions of [P− ], [C2 ]
and [Cb1 ] make the second matrix of (22) square. As the problem is well-posed this
matrix has to be full rank, thus invertible.
Using (18), a new expression for b (∂x f , ∂y f ) taking into account the interface
conditions is formed. This expression shows explicit dependence on f and S, and
thus are the objectives set forth in this paper accomplished.
b (∂x f , ∂y f ) = [R11 ]f + [R12 ][Q+ ]S

(23)

Based on the results obtained above, it is possible to modify the DGM flux
[F]S following the same decomposition approach. Introducing (18), to separate
incoming and outgoing characteristics, as well as (21) and (22):


[F]S =[F] [P− ]S− + [P+ ]S+


[F][P− ][R21 ]f + [F] [P− ][R22 ] + [P+ ] [Q+ ]S

(24)

Finally, combining (23) and (24) for all the segments Γk a new form for the
coupling operator across Γ emerges:

IC =

Z
Nk
X
k=1

Z
δf [R11 ]f dΓ +

Γk

Z
+

δf [R12 ][Q+ ]S dΓ

Γk
T

−

Z

T [F][P ][R21 ]f dΓ +
Γk



T [F] [P− ][R22 ] + [P+ ] [Q+ ]S dΓ

!

T

Γk

(25)
This new operator accounts for the interface conditions (16) using only variables
already present in the weak forms, enforcing the transmission of quantities across
Γ without introducing additional variables such as e.g. Lagrange multipliers. The
coupling of the sub-domains is mainly provided through the second and third terms
of (25) with boundary reactions in the form of the first and fourth terms.

3.1

Assembly and resolution

Since the proposed approach couples two methods, each leading to a linear
system, the final form to be solved for the coupled problem is composed of both
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linear systems for the FEM and DGM domains with added coupling terms. This
linear system has the following form (with F and D for the FEM-related, resp.
DGM-related, quantities):

   
[AF ] + [CF ]
[CF/D ]
f
LF
=
(26)
[CD/F ]
[AD ] + [CD ] S
LD
where L vectors are forcing terms applied in either of the domains and A matrices
are the assembled systems of FEM and DGM domains taken separately. In this
system, S contains the unknowns related to DGM and needs to be decomposed
further (see section 3.3 or references [17, 22]). This operation is not described here
for the sake of conciseness.
In the equation (26), the four matrices [C] correspond to the four terms of (25).
The first and last terms of (26) are boundary reaction terms [CF ] and [CD ] applied
on the FEM (resp. PWDGM) domain. On the other hand, the discretisation of the
second and third terms of (26) generate matrices [CF/D ] and [CD/F ] that couple
the two domains.
The solution to the final linear system is obtained by inverting the left hand
side matrix of (26). This allows the solution vector to be determined and from it,
the fields of interest may be computed.

3.2

Application to a fluid-fluid case

In order to give a better understanding of the method proposed in the current
work, this section focuses on a simple acoustic example that has an analytical solution. The reflection matrix is deduced for fluid media and the method’s consistency
is demonstrated.
Consider two fluid media whose physical properties are (ρi , ci ), i ∈ {1, 2} with
ρi the density of each of the two media i and ci the associated sound speeds. The
characteristic impedance for the medium i is expressed as Zi = ρi ci .
The first domain (subscripted 1) is modelled by FEM, therefore the field of
representation used is the pressure p and the boundary operator is described using
the normal velocity as proposed in equation (3):
∇p1 · n
= v1 · n
(27)
jωρ1
In the other fluid medium (subscripted 2), DGM is used and the state vector
chosen is: S2 = {vx2 , vy2 , p2 }T . One can then deduce the two matrices [A2 ] and
[B2 ], representing the conservation equations:




0
0 1/ρ2
0
0
0
1/ρ2 
0
0  ,
0
[B2 ] = 0
(28)
[A2 ] =  0
0
0
ρ2 c22 0
0 ρ2 c22
b(∂x p1 , ∂y p1 ) = −

In order to evaluate the reflection matrix [R], one needs to decompose the
state vector in terms of characteristics. The flux matrix [F2 ] = [A2 ]nx + [B2 ]ny
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is then computed and diagonalised to extract the characteristic space. The two
+
eigenvectors [P−
2 ] and [P2 ] associated with the phase speeds c2 and −c2 are then
retrieved:




nx −ny
−nx 
−
+
[P2 ] = −ny , [P2 ] = ny nx  ,


Z2
Z2
0



nx
ny
ny
1
nx
+

−
−
]
=
,
[Q
[Q−
]
=
2
2
2
2
2
2
2Z2
−n
n
y

x


1
2Z2 
0

(29)

The reflection matrix consists mainly in a particular rewriting of continuity conditions. For a fluid/fluid interface, interface relations enforce continuity of pressure
and normal veclocity which leads to the following form of (16):
 

 
 vx2 
b(∂x p1 , ∂y p1 )
nx ny 0
v
(30)
=
p1
0
0 1  y2 
p2
As proposed in the current work, S2 is replaced by its representation in the
space of characteristics see (18). Reordering the terms leads to:

1
0

1
−Z2


 
b(∂x p1 , ∂y p1 )
0
=
−1
S−
2

1
Z2

 
p1
0
0 S+
2

(31)

Solving for b and S2 , the explicit fluid-fluid reflection matrix is obtained as:


−1/Z2 2 0
[R] =
(32)
1/Z2 −1 0
In this matrix, the last null column corresponds to the null-valued characteristics
which are, by definition, non-propagative and are not transmitted through the
coupling interface. The coefficients of [R] are generally difficult to analyze (since
they couple two very different approaches). The consistency of the form derived may
be checked through the diagonal terms. For a fluid-fluid coupling, the first diagonal
term corresponds to the ratio of acoustic velocity and pressure and matches the
definition of acoustic impedance: Z = p/v. Finally, the second diagonal term
makes sense in the DGM framework since it forces the incoming and outgoing
characteristics to propagate in opposite directions.

3.3

Remarks on discretisation and choice of shape functions

Equation (9) sets a requirement on the set of trial functions without actually
proposing an expression for them. In the present work, following [17], the test
functions are chosen to be in the form of plane waves. Thus, they are composed
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of a superposition of Nw plane waves whose directions are distributed in the unit
disc. Using this interpolation, the S vector in each element is expanded as:
S=

Nw
X

an Un e−jkn ·(r−rc )

(33)

n=1

with rc mapping to the center of the element and kn are the wave numbers of the
different plane waves. The Un vector acts in a fashion similar to that of polarisation
vectors, relating the propagating term to certain quantities of the state vector.
Finally, the set of the different an for all the elements are the amplitude factors
and components of the solution vector. Using such an interpolation strategy for
the state vector, the method is called DGM with Plane Waves (PWDGM). A more
in-depth explanation is given in reference [17].
y

δθ

x

Figure 3 – Example of recontruction basis for PWDGM with Nw = 8. The tilt of
the basis with respect to the x axis is controled by δθ
As a finite number Nw of plane waves is distributed on the unit disc, as shown
in figure 3, one can easily understand that privileged directions are induced. Each
time the solution’s direction of propagation coincides with one of the waves of the
basis, one expects the error to drop. The reconstruction of waves whose directions
are situated between two waves of the basis is challenging. A way to ensure a
good approximation for all directions is to use a Nw sufficiently large, reducing
the distance between two waves and introducing more directions where error drops
(privileged). A second possibility is to tilt the wave basis using δθ and align one
of the wave with the solution’s direction of propagation. This can be done independently from the other elements’ basis but finding a good algorithm to predict
the best tilt is not a trivial task. Another way to address this precision loss is
to use more elements, disposed in order to avoid patterns in the mesh and take
advantage of the inter-element compensation22 . The main limit to this approach
then comes from the lower bound in element size: as the solution is reconstructed
by superposing plane waves, they must be given enough space between their origin
(center of element) and the boundaries to combine. Another comes from potential
conditioning issues when the number of waves increases ; these are addressed in the
literature17,23 .
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On the other hand, the usual way to interpolate fields in the scope of FEM makes
use of polynomials. The edges of the mesh are augmented of p + 1 nodes (including
both ends) used for a p-order approximation. Different basis have been proposed
over the years. For the examples that follow, quadratic Lagrange polynomials were
used.
In the light of the previous considerations, it is clear that all the integral terms
from (25) require numerical integration of polynomials and/or exponentials. When
the integrals only involve exponentials or polynomials, as for the first and last terms,
one can use a fully analytical integration. Even if possibly cumbersome to write,
the numerical evaluation of the integral will then be as precise as the machine itself
and computationally efficient.
Nevertheless, when considering integrals involving products of polynomials and
exponentials (as do the second and third terms of (25)), the integration scheme’s
performance is critical. Proposing an efficient numerical integration of products of
polynomials and exponentials is not trivial. Particularly, complex exponentials and
polynomials tends to oscillate at different scales, rendering difficult the choice of a
integration technique. Finally the large number of integration points required to get
a proper value tends to slow down the resolution: indeed, the integration is triggered
twice per coupling segment. Some improvements in the medium-high frequency
range may be accessible through pre-computing or by considering changing the
integration technique (see for instance [24, 25]). The present work uses a 10 points
Gaussian quadrature that proved to be sufficient for the cases considered even if it
is not the fastest possible one.

4

Application and results

To validate the proposed coupling approach as well as to demonstrate its performance, some test cases are presented in this section. The first two provide insights
into the convergence and dispersion properties and an existing analytical solution
is used as a reference. The quality of the results is evaluated through L2 relative
error:
R
=

2

|p − pref | dΩ
R
2
|p | dΩ
Ω ref

Ω

1/2
(34)

where p corresponds to the predicted pressure and pref to the analytical reference.
The third example deals with a more complex geometry and aims at demonstrating
the hybrid method with incompatible meshes, acute corners, a rounded shape and
a relatively large domain. In all simulations the medium is air at 20°C with the
following properties:
ρ = 1.213 kg · m−1 ,

c = 341.973 m · s−1

In the examples, δθ is always null except otherwise stated.

(35)
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Dispersion analysis
a)
y
1m

PWDGM
b)

1m

b)

x
FEM

θi
a)

Figure 4 – The domain used for the dispersion analysis, a 1m square with the plane
wave field imposed on all sides at an angle θi . Positions a) and b) are of special
interest.
For the dispersion analysis a square domain with 1 m side length is used, see
figure 4. The purpose is to demonstrate the numerical behaviour of the proposed
coupling approach. The excitation is in the form of a plane wave imposed on the
boundary of the square, the wave front propagating at an angle θi from the lower
y axis.
In figure 4, two different angles of particular interest are identified as a) and
b). The former corresponds to a wave entering through the boundary of one of the
sub-domains only, implying that the error builds up sequentially in one sub-domain
first and then the other. For directions marked b) the incident field is parallel to
the coupling boundary and there is no flux across the interface for the reference
solution.
A pure PWDGM solution is also computed with the purpose of providing a
numerical result which is independent of the proposed coupling approach. This
solution is computed for the same mesh and approximation order as used in the
PWDGM part of the coupled model. The mesh density and number of waves gives
a discretisation level of about 10 elements per wavelength in both domains, i.e.
21 degrees of freedom per wavelength in the FEM domain and 10Nw degrees of
freedom per wavelength in the DGM domain.
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From a theoretical point of view, the FEM part of the solution is not sensitive
to the angle of incidence and the error as a function of θi should be constant. In
practice, the mesh may have an influence, introducing privileged directions where
the error may build up but this is generally negligible. The solution obtained using
only PWDGM for the square problem exhibits Nw arches over the [0, 2π] range
of incidence angle. This solution is referred to as the pure PWDGM reference in
figure 5. The observed arches are well known in the literature, and stem from the
privileged directions induced by the waves used in the base (see section 3.3 and
figure 3). However, as the number of waves is increased the error related to these
is reduced, see figure 5.
In figure 5, the results for the coupled FEM-DGM solution at f = 1000 Hz are
shown. With 4 waves per element, the arches discussed above appear in the solution,
but are not observed for the higher number of waves, Nw = 8 and Nw = 10. The
error seems to be controlled by the FEM solution, as the overall accuracy for this
coupled solution is about two orders of magnitude worse than the pure PWDGM
solution. Furthermore, the error levels for Nw = 8 and Nw = 10 and above are
close to each other, indicating that the FEM is limiting the accuracy in this case
and this observation is confirmed by a direction-independent error around 10−3 .
To investigate this further the error generated in the FEM and PWDGM domains separately is shown in figure 6 for N w ∈ {4, 10}.
For Nw = 4, the PWDGM-related error is dominating over the whole range.
Between θi = π/2 rad and θi = 3π/2 rad, where the error is generated first in the
PWDGM domain before being transmitted to the FEM and both methods then
exhibit the same error profile. When comparing with the error in the FEM domain
for the other half of the range (wave coming from the FEM side), one can see that
the PWDGM arches are actually preponderant in shaping the error profile. For this
first case, the hybrid method has an error level similar to that of the pure PWDGM
reference.
For Nw = 10, while figure 5 shows that PWDGM is not limiting the accuracy,
the different contributions at the bottom of figure 6, suggests that both methods
contribute more or less with equal shares in the error generation.
This apparent contradiction is related to the large difference of precision between
a 10 wave PWDGM and FEM for the coupled system. As figure 5 suggests that
the PWDGM should be accurate enough and the error thus has its origin in the
FEM part with its lower resolution in the model used. The error is dominated by
phase error building in the FEM which in the coupling to the PWDGM pollutes
the PWDGM solution for these particular directions of incidence.
In all the computations used to generate the figures in this section, the condition
number of the linear system for the coupled method remained capped under 1012 .
An expected behaviour is that the number of waves tends to drive the condition
number17 , this is observed as well in the simulation results presented on figure 11.a.
It can be noted that beyond a given number of waves a leap in the condition number
is observed. This effect is reduced when replacing half of the domain by a FEM
solution.

94

PAPER C. COUPLING FEM AND DGM WITH PLANE WAVES

4 waves

8 waves

10 waves

100
10−1



10−2
10−3
10−4
10−5
10−6
10−7

0

π/2

π
Incidence angle

2π

3π/2

Figure 5 – Evolution of the relative error with respect to the incidence angle of a
plane wave over a 1m square domain. Half the domain is modelled with DGM and
the rest with FEM. Triangular elements are used on both sides, dashed lines are
for the pure DGM reference and f = 1000 Hz
Overall error

FEM part

DGM part



10−2

10−3

10−3



6 × 10−4
4 × 10−4
3 × 10−4
2 × 10−4

0

π/2

π
Incidence angle

3π/2

2π

Figure 6 – Contribution of the two different schemes to the global error with respect
to the incidence angles for f = 1000 Hz and Nw = 4 (top) or Nw = 10 (bottom).
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v=1

y

v=0
1

2
1m

π/3rad
0.1m

0.1rad
0rad x

Figure 7 – A simple 1×0.1m Kundt tube used as a benchmark. The two labeled
regions are modelled with FEM or PWDGM. On the right, the first wave of the
basis used for figures 8 to 10.

4.2

Kundt’s tube

In this second example, the proposed coupling method is used to predict the
pressure field in a rigid, rectangular cavity excited by a unit velocity at one end,
see figure 7. This cavity has dimensions 1 m×0.1 m and is divided into two subdomains with an interface at the middle of the tube. The purpose is to assess the
DGM sensitivity to the wave base, here through varying the tilt angle of the base
as shown in figures 3 and 7.
To assess the hybrid model’s convergence rate, a baseline case with the whole
domain modelled with FEM is used. This is shown as the black dashed line in figure
8. In the numerical tests performed with the hybrid model one of the sub-domains
is modelled by FEM and the other by PWDGM. Initial checks with excitation
applied at both ends did not reveal any noticeable difference, thus only results for
an excitation applied on the FEM side are included here.
The refinement levels of the FEM and DGM models are as follow. The FEM
domain is gradually refined with steps : 7, 13, 33 and 67 degrees of freedom per
wavelength(particularly on figure 8). The DGM mesh is left unmodified between
runs, only the approximation basis is changed which leads to 6, 12, 24 and 48 degrees
of freedom per wavelengthwith respectively 2, 4, 8 and 16 waves per element.
This two first tests aim at testing the two classical refinement approaches for
FEM and PWDGM on the hybrid model. The first of the tests uses a classical FEM
strategy by gradually refining the FE side mesh without modifying the PWDGM
parameters. The analysis is conducted for different numbers of waves Nw in the reconstruction basis and different tilt angles δθ. The refinement of the FE sub-domain
is the same as used to compute the baseline (dashed black line) shown in figure 8.
Each of the three graphs is computed for a noticeable tilt δθ of the wave basis.
Indeed, for a long, merely 1D, acoustic cavity, keeping one wave aligned with the
main axis of the cavity seems beneficial. In order to understand this behaviour, the
properties of the interpolation strategy for the PWDGM as explained in section 3.3
are useful. For example, figure 8a is obtained for a highly favourable PWDGM
configuration. Since an even number of waves Nw is considered, Nw /2 pairs corre-
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sponding to the two propagation directions of the solution (forward & backward)
are present and one of them aligned with the solution direction. This allows to
decrease considerably the reconstruction error in the PWDGM domain, down to
machine precision. In this case, no error should be generated by the PWDGM and
only the FEM sub-domain and coupling have an impact. In figure 8.a), the convergence rate of the hybrid method for all numbers of waves in the basis is comparable
to that of the pure FE baseline (black dashed line). This first result indicates that
the coupling itself is not negatively contributing to the error.
For the two last parts of figure 8, a saturation of the error rate can be observed,
even on figure 8b where the tilt angle is small. This behaviour complies with the
PWDGM effect previously discussed. When the FE part of the hybrid scheme
reaches a sufficiently high refinement factor, the PWDGM error can become the
highest and the overall error doesn’t drop any further when adding elements in the
FEM domain. The main difference between graphs 8b and 8c is to be seen for
Nw ∈ {2, 4} compared to Nw = 8. Indeed for small a number of waves tilting the
basis has a dramatic impact (resulting in 100% error rate) whereas the other waves
compensate the precision loss when there are sufficiently many in the base (Nw = 8
here).
Finally, the error for Nw = 16 stays the same for all tilt angles δθ. An explanation may be found in the relative error levels for the FEM and PWDGM domains.
Adding waves to the basis tends to reduce the maximum error in PWDGM17,22
and, once a given Nw is reached, the PWDGM error does not exceed the FEM
error anymore. For Nw = 16, the PWDGM error is systematically lower than the
FEM error which then dominates regardless of the orientation of the solution with
the PWDGM reconstruction basis. As the FEM solution is not sensitive to the
tilt of the wave basis, the convergence curve is not impacted either and the hybrid
scheme converges at the same rate as the FEM for all δθ.
Keeping the number of waves Nw constant and varying the FE mesh, and vice
versa, the influence of the tilt angle δθ on the error in the hybrid solution may be
studied. For a fixed FE mesh, and varying of the number of waves in the base, the
results shown in figure 9 where δθ varies between 0 and π, are obtained. The tilt
angles used in the previous results, δθ = 0.1 rad and δθ = π/3 rad, are marked in the
figure. Results for different Nw are presented in figure 9 with 2 superimposed black
dashed lines for δθ = 0.1 rad and δθ = π/3 rad. The results from the hybrid method
(solid lines) are compared with their pure PWDGM counterparts (dashed lines
with matching color). The results confirm the previous observations in the current
paper and are consistent with previously published research22 . The PWDGM error
is at its lowest whenever a wave of the basis is aligned with the solution. This is
observed for both the pure PWDGM baseline references and the coupled solutions.
For the latter though, the peak error is lower as a consequence of the error build-up
mechanisms in a PWDGM domain.
For a fixed number of waves Nw , the influence of the mesh refinement is shown
in figure 10. Three different refinements of the FE mesh (baseline and 10 or 15%
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Figure 8 – Evolution of the relative L2 error with respect to the the size of the
linear system for f = 1000 Hz. The dashed line is a reference for which the all
domain was modelled using FEM ; other lines are for different Nw .
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Figure 9 – Evolution of the relative error with respect to the tilt angle δθ for
different numbers of waves and a given refinement of the FE mesh at f = 1000 Hz
(34 degrees of freedom per wavelength). Dashed lines are the corresponding full
DGM reference. The two vertical dashed lines mark the two angles used on figure 8.

98

PAPER C. COUPLING FEM AND DGM WITH PLANE WAVES
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Figure 10 – Evolution of the relative error with respect to the tilt angle δθ for a
given number of waves but different refinements of the FE mesh (the lighter the
more refined). The graph was generated at f = 1000 Hz and the black line is a pure
DGM reference.
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Figure 11 – Evolution of the condition number with respect to the number of waves
in the basis for the systems presented in sections 4.1 (fig. a.) and 4.2 (fig. b.).
a. The condition number of the coupled system (circles) is to be compared with
the one of the pure DGM reference case (triangles). b. The different markers
correspond to different frequencies, the higher the lighter.

99

FEM

PWDGM

4. APPLICATION AND RESULTS

Figure 12 – Example of mixed mesh with an incompatible coupling interface.

increase in number of degrees of freedom) are shown as function of δθ. This graph
shows that replacing half of the domain by a FE model allowed for a reduction of
the maximum error. On the other end, it also suggests that if the added FEM is
not accurate enough, it tends to prevent the error drops introduced by PWDGM.
To add some background to this phenomenon, one could go back to the PWDGM
solution as such. The PWDGM establishes a flux through the boundaries of the
elements and the associated errors are related to the quality of the reconstruction of
the flux at these boundaries. If half the domain is replaced by another (potentially
more accurate) method, then part of the DG error cannot build up and the global
error ends up capped to a lower rate. For Nw = 8 in figure 9, the effect is particularly
prominent, a full PWDGM solution gives a 10−1 peak error but coupling to FE
allows it to drop down by one order of magnitude.
On figure 11.b it may be seen that the condition number stays low throughout the entire analysis even if increasing along with the number of waves. This
behaviour is similar to what was observed in section 4.1. One may also note that
the conditioning of the system tends to worsen when the frequency drops. This
last observation is consistent with previous reports from the litterature16 and confirms that the choice of the number of plane waves highly depends on the element
size. Some authors proposed and tested pre-conditioning techniques to limit these
issues17,23 .

4.3

Open resonant cavity with tight corner

To demonstrate the applicability of the proposed coupling approach, a hybrid
solution of a slightly more complex geometrical arrangement is used. A 1 metersquare cavity is filled with air and an open resonant rigid body is placed inside. The
lower part, containing the resonator, is modelled using FEM in order to accurately
account for all the geometrical details. As an example, the sharp angle at the lowest
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(a) Point source excitation, f = 52 Hz.

(b) Top boundary excitation, f = 260 Hz.

Figure 13 – Simulation of the pressure field for two different excitations (unit velocity on the top boundary and point source in the corner). Compared to the
one presented as an example in figure 12, only the FEM domain’s refinement is
increased. The dashed line symbolizes the coupling interface.
part of the rigid body makes the field inside hard to resolve using plane waves. In
addition, the top part is modelled using 4 PWDGM elements, see figure 12, with a
base of 32 plane waves per element.
Two different cases are tested. First, a point source is placed at the bottom of
the resonator and excites the volume through a unit velocity at f = 52 Hz. The
resulting pressure field for this case is shown in figure 13a. The second test case uses
an unit velocity excitation from the top of the cavity, at f = 260 Hz. The pressure
map for the second example is shown in figure 13b. In both figures, the dashed
red line marks the interface Γ between the two sub-domains, each modelled using
the two different discretisation methods, coupled using the approach discussed in
the present paper. For both studied cases, the naive replacement of half the FEM
domain by a PWDGM one led to a 15% decrease of the number of degrees of
freedom in the final linear system.
As it may be seen from figure 13b, the pressure solutions is visually continuous
with no artefacts generated close to the coupling interface. Thus, the pressure
field, generated in the FE domain seems correctly transmitted to the PWDGM
domain and the cavity modes seem to be reconstructed correctly in both subdomains despite the coarse PWDGM mesh. As part of the investigations made, a
converged pure FEM resolution produced the same results. Interestingly, for the
higher frequency excitation, the coarse DGM mesh captures the lobes well.
In order to demonstrate that the continuity between the pressure at the interface
between the sub-domains is fulfilled, the pressure along Γ as computed by each of
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Figure 14 – Pressure profiles along the interface between the method as seen by the
FE and PWDG schemes.

the two methods is shown in figure 14. For the first case, one clearly sees that
the central lobe, due the resonator’s radiation, is approximated the same way from
both sides. For the second one, the same pressure profile is computed even if many
modes are spread along the boundary. These results confirm the validity of the
proposed coupling approach.

5

Conclusion

This work proposes an effective coupling strategy for the Finite-Element Method
and the Discontinuous Galerkin with Plane Waves. The resulting hybrid scheme is
based on a reflection matrix that maps FEM’s physical field and DGM’s characteristics seamlessly. This procedure presents several advantages, the first of which
being to enforce a discrepancy-free coupling. The coupling then relies on interface
relations between state vectors that are straightforward to write for most pairs of
media. The litterature on FEM adaptations of physical models is abundant (even
for complex media as in [26]) and extensions to the PWDGM approach has been
proposed22 recently.
After presenting the coupling and an analytical derivation for a simple case,
numerical examples were provided. First a set of academic examples were used to
support the claim of an incidence angle-independent coupling, as well as the conservation and simulation ability of the proposed method. The limits were explored
in the scope of the coupled approach in these first examples and it was made clear
how this approach could be used optimally in a third one.
The last case included in the paper showed how FEM could be used to represent
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resonant features or geometrical details and embed them in a larger PWDGM
domain. The versatility of the first method was combined with the large-scale
modelling properties of the second to reduce model complexity without any observed
loss of accuracy.
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Summary
The propagation of airborne plane waves in the presence of a meta poroelastic laminate, that is a poroelastic
matrix coated with thin elastic layers at its facings and periodically-embedded with inclusions, is studied. Using
the Finite Element Method (FEM) only would result in a drastic increase of the degrees of freedom due to the
ﬁne mesh required to account for the very thin coatings. Here, the approach relies on: the Bloch wave expansion
of the ﬁelds in air; the modal Transfer Matrix Method to account for the coatings; and the coupling with the
FEM model of the poroelastic matrix and the resonant inclusions. The model is developed for reﬂection and
transmission problems and it can account for coatings with multiple layers. The procedure induces the addition
of the Bloch coeﬃcients in the FEM’s linear system at a negligible additional computational cost. It is applied to
the meta poroelastic laminates with poroelastic inclusions and rubber shell inclusions. The results are compared
with those from the Multiple Scattering Theory and an excellent agreement between the methods is found. The
approach oﬀers a numerically-eﬃcient way to account for coatings applied to meta poroelastic layers, and ﬁnds
applications in industrial prototypes where coatings are widely used.
PACS no. 43.20.El, 43.20.Gp

1. Introduction
Sound insulation is a prominent research topic in acoustics
and the development of tailored absorbers using structured
media has gained even more interest with the emergence of
the so-called metamaterials [1, 2, 3, 4, 5]. Recently, the use
of meta-poroelastic media, consisting of micro-structures
periodically embedded in a poroelastic matrix, has been
put forward [6, 4, 7]. Such materials rely on the acoustic/elastodynamic energy reduction, while energy dissipation is achieved through visco-thermal phenomena in the
matrix pores.
Besides, audacious designs are becoming more and
more accessible, and new manufacturing solutions such
as 3-D printing [8, 9, 10] now allow materializing
algorithmically-generated structures with a high ﬁdelity.
In particular, manufacturing numerous quasi-identical unit
cells is made possible and allows for full scale measurements. Such prototyping techniques motivate the use of
advanced optimization techniques (such as genetic algorithms or nonlinear programming) that requires simulating the systems under realistic conditions a large number
of times [11, 12].
To this end, eﬃcient and accurate numerical models of
systems are required and several options have been conReceived 14 July 2017,
accepted 27 October 2017.
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sidered. On one hand, semi-analytical approaches such as
Multiple Scattering Theory[13], allow for very fast evaluation of system responses at the cost of an initial analytical resolution. Nevertheless, Multiple Scattering Theory (MST) is limited to simple inclusion geometries. On
the other hand, more versatile purely numerical techniques
may be used to model one elementary cell with periodicity conditions but tend to exhibit a much higher computational cost at each evaluation. The Finite-Element Method
(FEM) is part of this second group and the cost of evaluation is directly linked to the mesh reﬁnement which,
in turn, is related to both the frequency of interest and
the size of the smallest geometrical features. The latter
is of particular interest in the scope of meta-poroelastic
systems for which the free surface may be protected by
thin layers (e.g. ﬁlms or fabric) that have an impact on the
acoustic response and tend to drive the mesh reﬁnement,
increasing considerably the computational cost. Considering these points, it proves interesting to develop a method
combining the versatility and ease of modelling associated
to the FEM while alleviating the cost of added layers by
accounting for them separately.
The present work is concerned with the plane wave reﬂection/transmission of airborne sound from a laminate
panel made of a metaporoelastic layer sandwiched between very thin elastic coatings. A method is presented
which couples the FE model of a meta-poroelastic layer
and the Bloch expansions of the ﬁelds in the surround-
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Figure 1. A generic elementary cell of an inﬁnitely periodic system. The dotted lines on each side denotes periodicity conditions
(applied in the FE scheme). A detailed description of the cell is
given in section 2. The inclusion is not detailed and is of very little importance: only counts the homogeneity of the interface Γ+ .

ing media. The proposed approach eﬃciently accounts for
elastic coatings that may be added to the poroelastic matrix
and modelled with only a few additional degrees of freedom. The model can give access to the reﬂection and transmission coeﬃcients not only for the specular modes but
also for the Bloch modes of higher order. The problem is
tackled in 2-D and no particular assumption is made about
the inner design of the metaporoelastic layer. The method
is presented in Section 2, and the results are compared
with those from the Multiple Scattering Theory (MST) for
poroelastic media [6] in Section 3.

2. Numerical model
2.1. Statement of the problem
The meta-poroelastic laminate consists of the inﬁnite Dperiodic arrangement along the x axis of the elementary
cell made of (1) a poroelastic matrix; (2) one or several
periodically embedded inclusions of arbitrary shape in the
poroelastic matrix; and (3) a thin elastic coating at the
plane boundary Γ− of the poroelastic matrix, see Figure 1.
The coating is supposed to be made of homogeneous elastic material. Furthermore, the exact nature of the inclusions is not speciﬁed at this stage, but they are supposed to
be suﬃciently long to tackle the problem in the 2-D cross
section (x, z). In this Cartesian coordinate system, the interface Γ+ is given by z = z+ while the coating boundary
Γ− on the other side is given by z = z− . For simplicity in
the derivation, the meta-poroelastic laminate is arranged
against a rigid backing at the boundary Γb and a singlelayer coating is considered. The model will be extended to
transmission problems and multi-coating conﬁgurations in
Section 2.4.
The meta-poroelastic laminate is supposed to be in contact with air at the boundary Γ− , see Figure 1. The re-
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ﬂection of an airborne unitary plane wave from the metaporoelastic laminate is studied in the linear harmonic
regime at the circular frequency ω (using e jωt time convention). Taking advantage of the adaptivity of the FEM
and its ability to model various types of inclusions, the
meta-poroelastic layer comprising the poroelastic matrix
with the inclusion will be modelled using the FEM. As a
ﬁrst step to the Finite Element Method [14], the equations
governing the equilibrium in the poroelastic matrix and
the inclusions are formulated in their weak form. The two
classical approaches to model poroelastic with the FEM
use the solid displacement us and interstitial pressure p as
main variables. They diﬀer in their way of accounting for
boundaries: Reference [15] proposes a boundary operator
coupling naturally with ﬂuid media, whereas the formulation in [16] couples best with elastic and poroelastic media. This last formulation uses the total stress tensor σ t and
relative displacement w between solid and ﬂuid phase as
secondary variables used in the boundary operators. While
the full weak form associated to the FEM domain is beyond the scope of the present work, the expression of the
boundary operator along Γ+ , here expressed with the normal n pointing outwards the FE domain, is given by
I=

Γ+

δus · [σ t · n] dΓ +

Γ+

δp [w · n] dΓ.

(1)

A crucial point is that all the other boundaries of the FE
domain are treated classically by the FEM. They will not
be discussed in the present paper.
Evaluating this integral is hence one key of the FEM
model. To avoid modeling the coating with the FEM
(which would inevitably lead to a drastic increase in the
number of degrees of freedom due to the very ﬁne mesh
required by very small thickness), an alternative procedure is presented here, that takes advantage of the quasiperiodicity in the system. The present approach relies on
the transfer of the unknown Bloch coeﬃcients from the
ﬂuid medium to the poroelastic matrix. A technique similar to the transfer matrix method is used for transferring
the Bloch expansions and allows to account for the coating
by rewriting the FEM boundary operator I and the associated set of continuity conditions.
2.2. Bloch wave expansions and modal Transfer Matrix Method
Due to the D-periodicity of the meta-poroelastic laminate,
the pressure ﬁeld pa in air can be expanded as follows in
terms of Bloch waves,
l

pa (r) =

l

l

δ0l e−jkz z + Rl e+jkz z e−jkx x ,

(2)

l∈Z

where δ0l is the Kronecker symbol and represents the amplitude of the incident wave, Rl are complex reﬂection coeﬃcients and kxl and kzl are the Bloch wavenumbers deﬁned as
kxl = kxi +

2πl
;
D

kzl =

ω
c

2

− (kxl )2 ,

(3)

221

ACTA ACUSTICA UNITED WITH
Vol. 104 (2018)

ACUSTICA

Gaborit et al.: Waves in meta poroelastic laminates

where kxi is the wavenumber of the incident ﬁeld in the direction x, c is the sound speed in the ﬂuid medium of denT
sity ρ. Besides, the particle displacement ua = uax , uaz
2 a
in air is given by the momentum conservation ρω u =
grad(pa ) and, using equation (2), its component along z
reads
l

uaz =

l

l

−jkz z
+jkz z
ua,i
+ ua,l
e−jkx x ,
z δ0l e
z Rl e

(4)

l∈Z

where the harmonic displacement coeﬃcients ua,i
z for the
incident ﬁeld and ua,l
z for the Bloch reﬂections read
ua,i
z =

−jkzi
ρω2

ua,l
z =

;

jkzl
ρω

.
2

u (x, z± ) =

−jkxl x

u (z± ) e

,

(6)

(11)

with the vector E− being related to the incident ﬁeld, Ql =
T
being the vector of unknowns and [I−l ]
ue,l
x (z− ), Rl
a matrix implementing the continuity conditions for the
reﬂections. These quantities are deﬁned by

E− =

Similarly, the solid particle displacement u (x, z± ) at the
boundary Γ± of the elastic coating (ﬁxed value of z = z± )
can be expanded as
e,l

S−l = E− δ0l + I−l Ql ,

(5)
e

e

Then, using expression (5) for the displacements ua,i
z and
ua,l
z , equation (9) can be written in the following matrix
formulation:



0

−jkzi
ρω2




 0 
−1

I−l

;



1 0
0 − jkzl 
ρω2 
=
0 0  .
0 −1

(12)

Likewise, the state vector S+l for the Bloch mode l at the
boundary Γ+ (z = z+ ) reads

l∈Z
T

e,l
where the vectors ue,l (z± ) = ue,l
are the
x (z± ), uz (z± )
complex amplitudes of the displacement ue (x, z± ) in its
Spatial Fourier Transform along x, that is its projection
on Bloch waves. Likewise, the surface stress vector σ e =
e
e T
σzx
, σzz
at the boundary Γ± is expanded as
l

σ e (x, z± ) =

σ e,l (z± ) e−jkx x .

(7)

l∈Z

At the interface Γ− between the ﬂuid medium and the coating, that is at z = z− , the following boundary conditions
hold, stating the continuity of the normal ﬂux and of the
surface stress vector,
uez = uaz ;

e
σzx
=0;

e
σzz
= −pa

(8)

at Γ− .

Note that the x-component of the displacement ue does
not appear in those conditions, and its modal components
e,l
ue,i
x (z− ) and ux (z− ) are hence unknowns of the problem.
Using equations (2), (4), (6), (7) and the orthogonality of
the Bloch waves, the interface conditions (8) leads to the
following relations, where the Bloch modes are decoupled
from one another,
 e,l
ux (z− ) = unknown,
 ue,l (z ) = ua,i δ + ua,l R ,
−
l
z
z 0l
z
(9)
e,l
σzx
(z− ) = 0,
 e,l
σzz (z− ) = −δ0l − Rl .
The components on the left-hand side of equations (9)
can be advantageously arranged in the state vector S−l for
Bloch mode l at the boundary Γ− (z = z− ) as
T

e,l
e,l
e,l
S−l = ue,l
x (z− ), uz (z− ), σzx (z− ), σzz (z− ) . (10)
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T

e,l
e,l
e,l
S+l = ue,l
x (z+ ), uz (z+ ), σzx (z+ ), σzz (z+ ) . (13)

Considering the orthogonality of the Bloch waves (exponential functions), each Bloch mode l at the boundary Γ+
depends linearly on the Bloch mode of the same order l at
the boundary Γ− . Introducing a modal transfer matrix [Tl ]
for each Bloch mode l, this linear relation is given by the
relation
S+l = Tl S−l .

(14)

The expression for the modal transfer matrices [Tl ] related
to the elastic coating can be found in [17].
Now, substituting (11) into (14), the state vector S+l is
found to take the form
S+l = E+ δ0l + [I+l ]Ql ,

(15)

where the vector E+ and the matrix [I+l ] are given by:
E+ = [T0 ]E− ;

[I+l ] = [Tl ][I−l ].

(16)

Note in equation (15) that the state vector S+l for the Bloch
mode l at the boundary Γ+ actually depends on the vector
Ql of unknowns, that are the modal displacement ue,l
x (z− )
in the x-direction at the boundary Γ− , and the reﬂection
coeﬃcients Rl in air. In other words, these unknowns have
been transferred to the interface Γ+ between the coating and the meta-poroelastic layer. In the next section,
the method to incorporate these unknowns into the FEM
model of the meta-poroelastic layer is presented.
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2.3. FEM implementation
At the interface Γ+ between the elastic coating and the
poroelastic matrix, the following conditions hold, which
state the imperviousness of the coating, and the continuity
of the solid displacements and normal surface stresses,
σ t .n = −σ e ;

w · n = 0;

us = ue

at Γ+ .

(17)

The minus sign in the balance of surface stresses has been
introduced to comply with the orientation of the normal
vector at Γ+ . Using equations (7) and (13), the surface
stress σ t .n = −σ e (z+ ) at Γ+ reads
S+l

σ t .n(x, z+ ) = −
l∈Z

−jkxl x

3,4

e

,

(18)

where the subscripts 3, 4 denote the extraction of the 3rd
and 4th row of the tensor. Combining equation (18) with
(15) results in
E+

σ t .n(x, z+ ) = −
l∈Z

3,4

δ0l + [I+l ]

l

3,4

Ql e−jkx x . (19)

Substituting this expression back into the expression of I
in equation (1) and using the impervious surface condition
w · n = 0 at Γ+ from equation (18), the boundary operator
reads
I= −

Γ+

−
l∈Z

E+
Γ+

−jkxl x

3,4

e

[I+l ]

· δus dΓ
l

3,4

Ql e−jkx x · δus dΓ.

(20)

Similarly, using the last condition of (17) as well as equations (13) and (6), the displacement at the surface of the
poroelastic matrix is retrieved. Directly substituting S+l
from (15), us reads
us = −

E+
l∈Z

1,2

δ0l + [I+l ]

l

1,2

Ql e−jkx x ,

(21)

where the subscripts 1,2 denote the extraction of the ﬁrst
and second rows of the vector or matrix.
Projecting the continuity of the solid displacement in
equation (21) on each Bloch mode along Γ+ and using
the orthogonality of the Bloch series’ components yields
a set of continuity conditions depending on the unknown
coeﬃcients and the ﬁelds from the FEM,
D
0

l

us (x, z+ )ejkx x dx = DE+

1,2

δ0l + D[I+l ]

1,2

Ql .

(22)

Both equations (20) and (22) can now be implemented in
the FEM model of the poroelastic matrix with the inclusion. After the spacial discretization and the Galerkin expansion over a set of shape functions, the FEM process
results in a linear system
A X = B,

(23)
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where the matrix [A] describes the propagation in the volume; the vector B comes from the discretization of the
boundary operator; and the vector X contains the NF E
nodal values for the ﬁelds [14].
To perfectly represent the reﬂected ﬁeld, the Bloch wave
expansion involves inﬁnite sums on Z, but for practical
reasons, only a truncation to 2N + 1 terms ranging from
−N to N is considered. The integer N is chosen according
to an empirical rule based on previous numerical experiments [18, 19, 6] and is large enough for the Bloch waves’
series to represent the ﬁelds’ complexity,
N=

ω
D
3Re
− kx0
2π
c

+ 5,

(24)

where Re(x) represents the real part of x and 5 is chosen
as a security term.
The vectors Ql of unknowns are gathered in the overall
vector Q,
Q = Q−N . . . Q−1 , Q0 , Q1 . . . QN

T

.

The discretization of the boundary operator I as expressed
in (20) is included in the right-hand side term B along with
the terms from the other boundaries (gathered in F0 but not
detailed in this work),
B = F0 + FI = F0 + F − C Q,

(25)

where the NF E vector F and NF E × 2(2N + 1) coupling
matrix [C] come from the discretization of the ﬁrst and
second terms in (20), respectively. The evaluation of these
terms must be handled with care since they might require
integration of exponential-polynomial products.
Likewise, the discretization of (22) yields the following
relation
C X = F − [A ]Q,

(26)

where the 2(2N + 1) × NF E matrix [C ], comes from the
discretization of the left-hand-side term of (22) while the
2(2N +1) vector F and the 2(2N +1) diagonal matrix [A ]
come from the discretization of the ﬁrst and second terms
in the right-hand-side of (22). Note that F is zero for all
l except for l = 0 where it takes the value D. Finally,
combining equations (23) to (26), the following overall
FEM/Bloch coupled-system is formed,
[A] [C]
[C ] [A ]

X
Q

=

F
F

+

F0
0

.

(27)

Hence, the vector of the FEM unknowns X is extended
by the 2(2N + 1) vector of unknowns Q from the Bloch
expansions.
2.4. Extension to transmission problems and multicoating conﬁgurations
The method has been presented for the reﬂection problem on a meta-poroelastic laminate with a rigid backing
and a single coating above the meta-poroelastic layer. It is
now extended to the transmission problem and multi-layer
coating conﬁgurations.

223

ACTA ACUSTICA UNITED WITH
Vol. 104 (2018)

ACUSTICA

Gaborit et al.: Waves in meta poroelastic laminates

D

Figure 2. The three elementary cells used in the examples, a) rubber-poroelastic-rubber sandwich panel with no inclusion, b) rubber
coated poroelastic slab with an air-ﬁlled rubber shell inclusion, c) rubber coated poroelastic slab with a poroelastic inclusion.

Extension to transmission problems The ﬁelds transmitted through the system are accounted for in a manner similar to the reﬂected ones. Based on Bloch wave expansion,
expressions similar to (2) can be written for the transmitted ﬁelds. This implies introducing a new set of unknown
coeﬃcients QTl to be added to the linear system. The continuity relations between the FE domain and the coatings
are rewritten in terms similar to (17). This procedure leads
to a new extension of the linear system for the transmission
case,
   
[A] [C] [CT ]  X   F 
 [C ] [A ] [0]  Q = F ,
   
[CT ] [0] [AT ]
0
QT


(28)

with [A ], [C ], [C], Q, F being related to the reﬂection
side and their counterparts subscripted with T to the transmission one. Note that the second forcing vector is null
since no excitation is considered on the transmission side.
Extension to multi-coating conﬁgurations For multicoating conﬁgurations, the approach relies on the modal
Transfer Matrix Method (TMM) to transfer the ﬁelds
through the diﬀerent coating layers. A generalised transfer
matrix for the whole multilayer can be deduced by multiplying the transfer matrices [T(n)] related to each of the
NL layers in the system [20]. This leads to a new set of
[Tl ] matrices that can be substituted into (14) to account
for a multilayer coating.

3. Applications
Three diﬀerent cases are presented in this section, one is a
transmission case without inclusion and the two others are
reﬂection cases with periodic embeddings. The reference
for the transmission case is computed using the TMM. On
the other hand, the reﬂection cases reference solutions are
computed using a semi-analytical Multiple Scattering [21]
approach. Schematics of the test cases can be found in Figure 2 and physical properties of the materials in Table I.
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Table I. Physical parameters used in the test suite, taken from
[21] or manufacturer data (inclusion’s poroelastic material is
based on a sample from Eurocell). V.c.l./T.c.l.: Viscous/Thermal
characteristic length.
Air properties
Parameter
Density
Prandlt number
Viscosity
Atmospheric pressure
Polytropic index
Sound speed

Symbol

Value

ρ
Pr
η
P0
γ
c

1.213
0.71
1.839 · 10−5
1.01325 · 105
1.4
γP0 /ρ

Rubber properties
Parameter
Symbol
Density
Young’s modulus
Poisson ratio

ρ
E
ν

Value
1800
1.9 · 106 − 796jω
0.48

Unit
kg·m−3
—
Pa·s
Pa
—
m·s−1
Unit
kg·m−3
Pa
—

Poroelastic media properties
Parameter
Symbol Slab

Inclusion Unit

Porosity
Resistivity
Tortuosity
V.c.l.
T.c.l.
Density
Shear modulus
Poisson ratio
Structural damping

0.95
42 · 103
1.1
15
45
126
2.8 · 105
0.24
0.05

φ
σ
α∞
Λ
Λ
ρ
N
ν
ηs

0.989
8060
1
214
214
6.1
2.28 · 104
0.24
0.02

—
N·s·m−4
—
µm
µm
kg·m−3
Pa
—
—

3.1. Transmission Case
This ﬁrst test computes the absorption coeﬃcient and
transmission loss of a rubber-poroelastic-rubber sandwich
panel. The problem is of inﬁnite extent along the x direction, which is enforced using periodicity conditions on
both sides of an elementary cell depicted in Figure 2a. Two
tests are conducted: one with a period D = 20 mm and another with D = 150 mm and both use 10 elements per
period. The goal of the second case is to demonstrate that
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Figure 3. (a) Absorption coeﬃcient, (b) Transmission loss for a
rubber-poroelastic-rubber panel at two two angles of incidence
θ = 0rad (dashed) and θ = π/3rad (solid). The circle markers
correspond to the TMM reference solution.

the proposed approach allows reducing the number of elements while controlling the loss of accuracy. A plane wave
impinges the surface of the multilayer at an angle θ with
respect to the normal to the surface and, given the problem
geometry, only specular reﬂection and transmission might
exist. In order to test the proposed method, the solution is
computed considering 11 Bloch waves both in transmission and reﬂection and as many terms in each of the two
expansions for ux . The higher-order reﬂection and transmission coeﬃcients are all expected to be null.
Using the TMM solution as a reference, one can validate the proposed approach by computing the evolution
of the absorption coeﬃcient and transmission loss with regard to the frequency. The results for this test are presented
in Figure 3 where solid lines correspond to the proposed
method and the markers to the TMM reference. This ﬁgure
shows a perfect agreement between both methods over the
whole frequency range and particularly around the peaks
of large absorption and transmission. The FE mesh is sufﬁciently reﬁned and this ﬁrst result suggests that the proposed method does not induce any loss of precision.
In order to check that the solution vector is consistent
with the expectations, one may plot the evolution of the
coeﬃcients from the Bloch series with respect to the frequency, as proposed in Figure 4. The null-order coeﬃcients (specular) are plotted in Figure 4a and the higherorder ones in 4b. One clearly sees that, except for the coefﬁcients R0 and T0 , all values are down to the order of 10−7 .

5000
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Figure 4. Bloch series coeﬃcients for a rubber-poroelasticrubber panel with the incidence angle θ = π/3rad. a) Real (solid
line) and imaginary (dashed line) parts of the null-order coeﬃcients for transmission (light) and reﬂection (dark). b) Higher order coeﬃcients with real and imaginary part superimposed (note
the 10−7 scale factor).

This validates that the method gives consistent results and
does not generate artifacts.
In order to highlight another ability of the method, the
period is increased (D = 150 mm) while keeping the same
number of elements. The comparison is made between the
TMM reference (Figure 3a), a solution using the proposed
approach and a pure FEM solution modeling both the core
and the coating using the FEM. Because of the period increase, the elements are slightly larger than in the previous
case and the agreement with the reference solution is expected to be worse.
The results are shown in Figure 5 with the TMM reference in circle markers, the proposed method in solid
line and the FEM in dashed line. One sees that at low
frequency, all approaches produce similar results. As the
frequency increases, the under-reﬁned mesh leads to discrepancies in the pure FEM, the method being unable to
represent the phenomena above 1 kHz. This is a side effect of distortion induced by an insuﬃciently reﬁned mesh.
The proposed approach does not experience the same issue: the coarse mesh tends to produce a slight shift of the
peak towards low frequencies compared to TMM but the
agreement is still good even without adding elements. Up
to 5 kHz, no major disagreement between the TMM reference and the proposed approach can be noted, neither in
amplitude nor peaks positions.
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Figure 5. Comparison of the absorption coeﬃcient computed using TMM (circle markers), the proposed method (solid line) or
including the coatings in a Finite Element model (dashed line).
The number of elements in the core is the same for the two last
methods, chosen such as one of them cat least complies with the
reference.
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Figure 6. Absorption coeﬃcient for two meta porous panels
bonded on a rigid backing with a) an air-ﬁlled rubber shell or
b) a poroelastic circular inclusion. The panels are coated with
rubber and excited by a plane wave for two diﬀerent incidence
angles θ = 0rad (dashed) and θ = π/3rad (solid). Results from
the Multiple Scattering Theory are used as reference and shown
with circle markers.

3.2. Reﬂection cases with inclusions
To illustrate the eﬀects of the meta-poroelastic laminates
on wave reﬂection, two conﬁgurations are studied. In the
ﬁrst case, the inclusion is made of poroelastic material,
while in the second case the inclusion consists of a rubber
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shell with a 0.2 mm thickness ﬁlled with air, see Figures 2b
and 2c. In both conﬁgurations, circular inclusions have an
external radius of 8 mm, the period is D = 20 mm, the
poroelastic matrix is 20 mm thick and is placed on a rigid
backing while its free surface is coated with a 0.2 mm rubber layer. Results are presented in Figure 6, and are compared with those obtained by the Multiple Scattering Theory for poroelastic media [21]. Two angles of incidence
are considered: normal incidence (θ = 0) and oblique incidence with θ = π/3. The overall agreement between
both methods is excellent and both the amplitude and the
position of maxima match well.

4. Conclusion
In the present work, a method to account for thin plane
structures at the boundary of a Finite-Element model is
proposed. This method does not require to mesh the considered coating, limiting both the increase in complexity of
the model and the potential distortion eﬀects. The method
is based on a transfer matrix approach and allows accounting for single- and multilayer coatings for a negligible increase of the model’s size, while keeping the versatility
of the FEM. The proposed approach was compared to the
semi-analytical Multiple Scattering Technique to assess
its accuracy. Results were in excellent agreement and the
method is thus deemed reliable for the considered cases.
Although the theoretical discussion was focused on a single layer elastic coating placed on a meta poroelastic layer,
the approach could be extended to other types of media
(anisotropic, for instance).
The whole development has been thought for meta materials design. Actually, the technique presented in this
work has the potential to facilitate design of new meta absorbers. It alleviates the cost of meshing the coatings and
allows to resolve separately all Bloch coeﬃcients while
still taking advantage of the FEM’s versatility. Based on
the FEM, the method allows to visually explore the ongoing phenomena by generating maps as could be done
with pure FEM typically implemented in commercial software. Examples of such maps for the system presented in
Figure 2b are depicted in Figure 7. These ﬁeld representations allow to ﬁnely investigate localization and radiation
properties of such systems and can eventually serve as a
guide towards new designs.
Applications of this work may concern a numerical approach to the design of meta materials and meta poroelastic laminates, especially in industrial applications where
multilayer coatings are heavily used for protection, aesthetics, etc. and where the eﬃcient simulation of their effect is crucial to the design process.
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